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Abstract. We compute global log canonical thresholds of a large class of quasismooth well- 
formed del Pezzo weighted hypersurfaces in P(ai, a2, ^3, 14)- As a corollary we obtain the exis- 
tence of orbifold Kahler-Einstein metrics on many of them, and classify exceptional and weakly 
exceptional quasismooth well-formed del Pezzo weighted hypersurfaces in P(ai, 02, 03, 04). 
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2 IVAN CHELTSOV, JIHUN PARK, CONSTANTIN SHRAMOV 

Part 1. Introduction 

All varieties are always assumed to be complex, algebraic, projective and normal unless oth- 
erwise stated. 



1.1. Background 

The multiplicity of a nonzero polynomial / G C[zi, . . . , 2;„] at a point P £ is the non- 
negative integer m such that / € m'p \ m™^^, where mp is the maximal ideal of polynomials 
vanishing at the point P in C[zi, . . . , Zn]- It can be also defined by derivatives: the multiplicity 
of / at the point P is the number 

n,ultp(/) = mmj™ | a„.„.8„..,/ . . a„.,.„. * »} ' 

On the other hand, we have a similar invariant that is defined by integrations. This invariant, 
which is called the complex singularity exponent of / at the point P, is given by 



cp(/) = sup |c I/I is locally near the point P € C"| . 



In algebraic geometry this invariant is usually called a log canonical threshold. Let X be a 
variety with at most log canonical singularities, let Z C X be a closed subvariety, and let D be 
an effective Q-Cartier Q-divisor on the variety X. Then the number 

let z{X,D) = sup I A G Q the log pair (X, \D) is log canonical along z| 



is called a log canonical threshold of the divisor D along Z. It follows from that for a 
polynomial f in n variables over C and a point P € C" 

lctp(cM)) =cp(/), 

where the divisor D is defined by the equation / = on C". We can define the log canonical 
threshold of D on X by 

Ictx (X, -D) = inf { let p (X, P G X } 

= sup |a G Q the log pair (X, ad) is log canonical| . 

For simplicity, the log canonical threshold Ictx^X, D) will be denoted by lct(X, i^). 
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Example 1.1.1. Let D be a cubic curve on the projective plane P^. Then 

'1 if D is a smooth curve, 
1 if D is a curve with ordinary double points, 
5 



lct( 



if D is a curve with one cuspidal point, 
6 
3 

— D consists of a conic and a line that are tangent, 
4 

2 

— if L) consists of three lines intersecting at one point. 



- if Supp(D) consists of two lines, 

- if Supp(D) consists of one line. 

Now we suppose that X is a Fano variety with at most log terminal singularities. 
Definition 1.1.2. The global log canonical threshold of the Fano variety X is the number 



Ictm =mi\lct(X,D) 



D is an effective O-divisor on X with D 



-Kx]. 



The number lct{X) is an algebraic counterpart of the a-invariant introduced in [44] and ^48j 
(see [m Appendix A]). Because X is rationally connected (see [50]), we have 



let (X) = sup < A G 



the log pair \^X, XDj is log canonical for every 
effective Q-divisor numerically equivalent to —Kx 
It immediately follows from Definition 11.1.21 that 



let (X) = sup {e e 



the log pair yX, —Dj is log canonical for every 
divisor D G — nKx and every positive integer n 



Example 1.1.3 ([14J). Suppose that P(ao, oi, . . . , a„) is a well-formed weighted projective space 
with oq ^ ai ^ . . . ^ On (see ^22]). Then 



lct(^P(ao,oi, • • • ,an)) 



ao 



En 
i=0 



Example 1.1.4. Let X be a smooth hypersurface in P" of degree m ^ n. The paper p] shows 
that 

1 



let X 



n + 1 — m 

if m < n. For the case m = n ^ 2 it also shows that 

1 



1 



n 



< lct(X) < 1 
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and the left equality holds if X contains a cone of dimension n — 2. Meanwhile, the papers [13] 
and [38j show that 

' 1 if n > 6, 



1 ^ \ci{X) ^ < 



if n = 5, 



22 

25 
16 

— if n 
21 

if n = 



L 4 

if X is general. 

Example 1.1.5. Let X be a smooth hypersurface in the weighted projective space P(l""'"^,d) 

1 



of degree 2d ^ 4. Then 



\ci[X) 



n + l-d 

in the case when d < n (see |8l Proposition 20]). Suppose that d = n. Then the inequalities 

^""-^ ^ictm ^ 1 



2n 

hold (see |13j). But lct(X) = 1 if X is general and n ^ 3. Furthermore for the case n = 3 the 
papers [I^ and [38j prove that 

lct(X) f 5 43 13 33 7 33 8 9 11 13 15 17 19 21 29 ^ 
^ 1 6' M' 15' 38'8'38' 9' 10' 12'n' 16' 18' 20' 22' 30' 



and all these values are attained. For instance, if the hypersurface X is given by 
w"^ = + + + x^y'^zt C P(l, 1, 1, 1, 3) ^ Proj [c [x, y, z, t, w] 

where wt(x) = wt(y) = wt(z) = wt(t) = 1 and wi[w) = 3, then lct(X) = 1 (see |[13j). 

Example 1.1.6 ([21j). Let X be a rational homogeneous space such that the Picard group of 
X is generated by an ample Cartier divisor D and —Kx ~ rD for some positive integer r. Then 
lct(X) = i. 

Example 1.1.7. Let X be a quasismooth well- formed (see [22]) hypersurface in 
P(l, ai, 02, as, 04) of degree X]f=i with at most terminal singularities, where ai ^ . . . ^ 04. 
Then there are exactly 95 possibilities for the quadruple (01,02,03,04) (see [22], [24]). For a 
general hypersurface X, it follows from [7], [9], [10] and [13] that 





' 16 
21 


if oi 


= 02 = 


= 03 = 


04 = 1, 




7 
9 


if (ai, 


02, 03 


04) = 


(1,1,1,2) 


1 ^ lct(X) ^ < 


4 
5 


if (ai, 


02, 03 


04) = 


(1,1,2,2) 




6 
7 


if (ai, 


02,03 


04) = 


(1,1,2,3) 



1 otherwise. 
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The global log canonical threshold of the hypersurface 

= t3 _^ ^9 _^ yi8 ^ ci F{1, 1, 2, 6, 9) ^ Proj (C [x, y, z, t, w] ) 

is equal to y|, where wt(x) = wt(y) = 1, wt(z) = 2, wt(t) = 6, wt(?x;) = 9 (see [7J). 

Example 1.1.8 ([12j). Let X be a singular cubic surface in P'^ with at most canonical singu- 
larities. The possible singularities of X are listed in [5]. The global log canonical threshold of 
X is as follows: 

ifSing(X) = {Ai}, 
i if Sing(X) D {A4}, Sing(X) = {B4} or Sing(X) D {A2,A2}, 
^ if Sing(X) D {As} or Sing(X) = {B5}, 
i if Sing (X) = {Eg}, 
— otherwise. 

So far we have not seen any single variety whose global log canonical threshold is irrational. 
In general, it is unknown whether global log canonical thresholds are rational numbers or not(cf. 
Question 1 in [46j). Even for del Pezzo surfaces with log terminal singularities the rationality of 
their global log canonical thresholds is unknown. However, we expect more than this as follows: 

Conjecture 1.1.9. There is an effective Q-divisor D on the variety X such that it is Q-linearly 
equivalent to —Kx and 

\ci{X) = \ci{X,D). 

The following definition is due to [42j (cf. [23], [29], [32], [37]). 

Definition 1.1.10. The Fano variety X is exceptional (resp. weakly exceptional, strongly 
exceptional) if for every effective Q-divisor D on the variety X such that D ~q —Kx and the 
pair {X,D) is log terminal (resp. \ci{X) ^ 1, lct(X) > 1). 

It is easy to see the implications 

strongly exceptional exceptional =^ weakly exceptional. 

However, if Conjecture 1 1 . 1 . 91 holds for X, then we see that X is exceptional if and only if X is 
strongly exceptional. Exceptional del Pezzo surfaces, which are called del Pezzo surfaces without 
tigers in |27], lie in finitely many families (see [42) . |37]). We expect that strongly exceptional 
Fano varieties with quotient singularities enjoy very interesting geometrical properties (cf. |4H 
Theorem 3.3], [35^ Theorem 1]). 

The main motivation for this article is that the global log canonical threshold turns out to play 
important roles both in birational geometry and in complex geometry. We have two significant 
applications of the global log canonical threshold of a Fano variety X. The first one is for the 
case when lct(X) ^ 1. This inequality has serious applications to rationality problems for Fano 



lct(X) = < 
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varieties in birational geometry. The other is for the case when lct(X) > i^^^x'^ ■ This has 
important apphcations to Kahler-Einstein metrics on Fano varieties in complex geometry. 
For a simple application of the first inequality, we can mention the following. 

Theorem 1.1.11 ([7J and [38]). Let Xi be birationally super-rigid Fano variety with lct(Xj) ^ 1 
for each i = 1, . . . ,r. Then the variety Xi X ... X is non-rational and 

Birf Xi X . . . X X,) = AutfXi x . . . x X, 



For every dominant map p: Xi x . . . x Xr Y whose general fiber is rationally connected, 
there is a subset {ii, . . . , i^} C {1, . . . , r} and a commutative diagram 

Xi X . . . X Xr " ^ Xi x . . . X Xr 



Xi, X...XX,, ^ fcy, 

where ^ and a are birational maps, and vr is the natural projection. 

This theorem may be more generalized so that we could obtain the following 

Example 1.1.12 ([7]). Let Xj be a threefold satisfying hypotheses of Example 11.1.71 with 
lct(Xj) = 1 for each i = 1, . . . r. Suppose, in addition, that each Xj is general in its deformation 
family. Then the variety Xi x . . . x Xr is non-rational and 

r 

Bir (^Xi X . . . X X,,) = <^ JJ Bir(Xi), Aut(^Xi x . . . x X,,^ 

1=1 

For every dominant map p: Xi x . . . x Xr Y whose general fiber is rationally connected, 
there is a subset {ii, . . . ,ik} ^ {1, . . . , r} and a commutative diagram 

Xi X . . . X Xr ^ Xi X . . . X Xr 



Xi, X...XX,, ^ fey, 

where ^ and a are birational maps, and vr is the natural projection. 

The following result that gives strong connection between global log canonical thresholds and 
Kahler-Einstein metrics was proved in [16], [34j . |44j (see \14:\ Appendix A]). 

Theorem 1.1.13. Suppose that X is a Fano variety with at most quotient singularities. Then 
it admits an orbifold Kahler-Einstein metric if 

, , dim(X) 

lct(X) > , \ ^ . 

^ ^ dim(X) + 1 

Examples 11.1.41 11-1.51 and 11.1.71 are good examples to which we may apply Theorem 11.1.131 
There are many known obstructions for the existence of orbifold Kahler-Einstein metrics on 
Fano varieties with quotient singularities (see [TT], [19], [31], [33], [30], [37]). 
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Example 1.1.14 ([20]). Let X he a quasismooth hypersurface in P(ao, • • • ,an) of degree d < 
Sr=o where ao ^ . . . ^ an- Suppose that X is well- formed and has a Kahler-Einstein metric. 
Then 

(n \ " n 

i=o J i=0 

and J2i=o 0.1 ^ d + nao (see [2] , [43] ) . 

The problem of existence of Kahler-Einstein metrics on smooth del Pezzo surfaces is com- 
pletely solved by [45] as follows: 

Theorem 1.1.15. If X is a smooth del Pezzo surface, then the following conditions are equiv- 
alent: 

• the automorphism group Aut(X) is reductive; 

• the surface X admits a Kahler-Einstein metric; 

• the surface X is not a blow up of at one or two points. 

Acknowledgments. The first author is grateful to the Max Plank Institute for Mathematics 
at Bonn for the hospitality and excellent working conditions. The first author was supported by 
the grants NSF DMS-0701465 and EPSRC EP/E048412/1, the third author was supported by 
the grants RFFI No. 08-01-00395-a, N.Sh.-1987.1628.1 and EPSRC EP/E048412/1. The second 
author has been supported by the Korea Research Foundation Grant funded by the Korean 
Government (KRF-2008-313-C00024) . 

The authors thank I. Kim, B. Sea, and J. Won for their pointing out numerous mistakes in 
the first version of this paper. 

1.2. Results 

Let X(i be a quasismooth and well-formed hypersurface in P(ao, oi, 02, 03) of degree d, where 
ao ^ ^1 ^ 02 ^ 04. Then the hypersurface X^ is given by a quasihomogeneous polynomial 
equation f{x, y, z,t) = of degree d. The quasihomogeneous equation 

/ (x, y, z, t) = C ^ Spec(c [x, y, z, t] ) , 

defines an isolated quasihomogeneous sing ularity {V,0) with the Milnor number n"=o(^ " 1)' 
where O is the origin of C^. It follows from the adjunction formula that 

3 

i=0 

and it follows from [18] . [26[ Proposition 8.14], [39j that the following conditions are equivalent: 

• the inequality d ^ J2^=o «?. — 1 holds; 

• the surface X^ is a del Pezzo surface; 

• the singularity (V, O) is rational; 

• the singularity (V, O) is canonical. 
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Blowing up at the origin O with weights (oq, ai, ^s)) we get a purely log terminal blow 
up of the singularity iV^O) (see [28], [36]). The paper [36] shows that the following conditions 
are equivalent: 

• the surface is exceptional (weakly exceptional, respectively); 

• the singularity {V,0) is exceptional (weakly exceptional, respectively). 



From now on we suppose that d ^ Yl 



i=0 



— 1. Then is a del Pezzo surface. Put 
/ = X]i=o ^« ~ '^^^ ^^^^ possible values of (oq, ai, 02, 03, d) with 21 < 3ao can be found 
in [1] and [15]. For the case / = 1, we can obtain the complete list of del Pezzo surfaces 
Xd C P(ao, «!, a2, 03) from [25] as follows: 

• smooth del Pezzo surfaces 

X3 CP(1, 1,1,1), X4 CP(1,1,1,2), CP(1,1,2,3), 

• singular del Pezzo surfaces 

Xsn+A C P(2, 2n + 1, 2n + 1, 4n + 1), where n is a positive integer, 
Xio CP(1,2,3,5), Xi5 CP(1,3,5,7), Xig C P(l, 3, 5, 8), Xig C P(2, 3, 5, 9), 
Xi5 CP(3,3,5,5), X25 CP(3,5,7,11), X28 C P(3, 5, 7, 14), 
X36 CP(3,5,11,18), CP(5,14,17,21), Xgi C P(5, 19, 27, 31), 

Xioo CP(5,19,27,50), Xsi CP(7,11,27,37), Xgg C P(7, 11, 27, 44), 
Xeo C P(9,15,17,20), Xgg C P(9, 15, 23, 23), X127 C P(ll, 29, 39, 49), 
^256 C P(ll, 49, 69, 128), Xi27 C P(13, 23, 35, 57), X256 C P(13, 35, 81, 128). 
The global log canonical thresholds of such del Pezzo surfaces have been considered either 
implicitly or explicitly in [l], [3], [TT], [16], [25]. For example, the papers [l], [3], [16] and 
[25j gives us lower bounds for global log canonical thresholds of singular del Pezzo surfaces 
with 1=1. Meanwhile, the paper |IT] deals with the exact values of the global log canonical 
thresholds of smooth del Pezzo surfaces with 1 = 1. 

Theorem 1.2.1. Suppose that 1 = 1 and X^ is smooth. Then 

1 if (00,01,02,03) = (1,1,2,3) and | — Kx^l contains no cuspidal curves, 

(1,1,2,3) and 
(1,1,1,2) and 
(1,1,1,2) and 



lct{Xd) 



5 

6 
5 

6 
3 

4 
3 



if (00,01,02,03) = 
if (00,01,02,03) = 
if (00,01,02,03) = 
if X3 is a cubic in I 
if X^ is a cubic in 



Kx^l contains a cuspidal curve, 
Kx^l contains no tacnodal curves, 
I contains a tacnodal curve, 



with no Eckardt points, 
P'^ with an Eckardt point. 



However, for singular del Pezzo surfaces, the exact values of global log canonical thresholds 
have not been considered seriously. 

A singular del Pezzo hypersurface Xd C P(oo, oi, 02, 03) must satisfy exclusively one of the 
following properties: 



-'^For notions of exceptional and weakly exceptional singularities see |361 Definition 4.1], [42], [23] 
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(1) 21 ^ 3ao ; 

(2) 21 < 3ao and 

(ao, ai, a2, as, d) = [l — k, I + k,a,a + k,2a + k + 

for some non-negative integer k < I and some positive integer a ^ I + k. 

(3) 21 < 3ao but 

(ao, ai, a2, as, d) ^ (^I — k, I + k,a,a + k,2a + k + l) 

for any non-negative integer k < I and any positive integer a ^ I + k. 

For the first two cases one can check that lct(X^) ^ | (for instance, see (4j and [15j). All 
the quintuples (ao, ai, a2, as, c?) such that the hypersurface is singular and satisfies the last 
condition are listed in Section [H They are taken from [4] and [H] . Note that we rearranged 
a little the quintuples taken from [4] by putting some cases that were contained in the infinite 
series of [4J into the sublist of sporadic cases; on the other hand, we removed two sporadic cases, 
because they are contained in the additional infinite series found in p^. The completeness of 
this list is proved in [15j by using [49]. 

We already know the global log canonical thresholds of smooth del Pezzo surfaces. For del 
Pezzo surfaces satisfying one of the first two conditions, their global log canonical thresholds 
are relatively too small to enjoy the condition of Theorem 11.1.131 However, the global log 
canonical thresholds of del Pezzo surfaces satisfying the last condition have not been investigated 
sufficiently. In the present paper we compute all of them and then we obtain the following result. 

Theorem 1.2.2. Let be a quasismooth well-formed singular del Pezzo surface in the weighted 
projective space Pvoi{C[x, y, z,t\) with weights wt(x) = ao ^ wt(y) = ai ^ wt(z) = a2 ^ 
wt(t) = as such that 21 < 3ao but (ao, ai, a2, as, d) ^ {I — k, I + k,a,a + k,2a + k + I) for any 
non-negative integer k < I and any positive integer a I + k, where / = Yli=o ^« ~ ^' Then if 
ao 7^ ai, then 

\ct{Xd) = min jlct (Xd, ^C,) , let (x^, ^C^,) , let (x^, ^C,) | , 

where Cx (resp. Cy, Cz) is the divisor on Xd defined by a; = (resp. y = 0, z = 0). If ao = ai, 
then 

let(Xd) = lct(Xd,-C), 
V ao / 

where C is a reducible divisor in \Ox^{ciQ)\- 

In particular, we obtain the value of lct(Xrf) for every del Pezzo surface X^ listed in Section[H 
As a result, we obtain the following corollaries. 

Corollary 1.2.3. The following assertions are equivalent: 

• the surface Xd is exceptional; 

• lct(A:d) > 1 ; 
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• the quintuple (oq, ai, a2, 03, d) lies in the set 

' (2, 3, 5, 9, 18), (3, 3, 5, 5, 15), (3, 5, 7, 11, 25), (3, 5, 7, 14, 28), 
(3, 5, 11, 18, 36), (5, 14, 17, 21, 56), (5, 19, 27, 31, 81), (5, 19, 27, 50, 100), 
(7, 11, 27, 37, 81), (7, 11, 27, 44, 88), (9, 15, 17, 20, 60), (9, 15, 23, 23, 69), 
(11, 29, 39, 49, 127), (11, 49, 69, 128, 256), (13, 23, 35, 57, 127), 
(13, 35, 81, 128, 256), (3, 4, 5, 10, 20), (3, 4, 10, 15, 30), (5, 13, 19, 22, 57), 
(5, 13, 19, 35, 70), (6, 9, 10, 13, 36), (7, 8, 19, 25, 57), (7, 8, 19, 32, 64), 
(9, 12, 13, 16, 48), (9, 12. 19. 19, 57), (9, 19, 24, 31, 81), (10, 19, 35, 43, 105), 
< (11, 21, 28, 47, 105), (11, 25, 32, 41, 107), (11, 25, 34, 43, 111), (11,43, 61, 113, 226), > . 
(13, 18, 45, 61, 135), (13, 20, 29, 47, 107), (13, 20, 31, 49, 111), (13, 31, 71, 113, 226), 
(14, 17, 29, 41, 99), (5, 7, 11, 13, 33), (5, 7, 11, 20, 40), (11, 21, 29, 37, 95), 
(11, 37, 53, 98, 196), (13, 17, 27, 41, 95), (13, 27, 61, 98, 196), (15, 19, 43, 74, 148), 
(9, 11, 12, 17, 45), (10, 13, 25, 31, 75), (11, 17, 20, 27, 71), (11, 17, 24, 31, 79), 
(11, 31, 45, 83, 166), (13, 14, 19, 29, 71), (13, 14, 23, 33, 79), (13, 23, 51, 83, 166), 
(11, 13, 19, 25, 63), (11, 25, 37, 68, 136), (13, 19, 41, 68, 136), (11, 19, 29, 53, 106), 
(13, 15, 31, 53, 106), (11, 13, 21, 38, 76) 

Corollary 1.2.4. The following assertions are equivalent: 

• the surface X^, is weakly exceptional and not exceptional; 
. \ct{Xd) = 1; 

• one of the following holds 

— the quintuple (cq, ai, 02, 0.3, d) lies in the set 

' (2, 2n + 1, 2n + 1, 4n + 1, 8n + 4), 
(3, 3n, 3n + 1, 3n + 1, 9n + 3), (3, 3n + 1, 3n + 2, 3n + 2, 9n + 6), 
(3, 3n + 1, 3n + 2, 6n + 1, 12n + 5), (3, 3n + 1, 6n + 1, 9n, 18n + 3), 
(3, 3n + 1, 6n + 1, 9n + 3, 18n + 6), (4, 2n + 1, 4n + 2, 6n + 1, 12n + 6), 
(4,2n + 3,2n + 3,4n + 4,8n + 12),(6,6n + 3,6n + 5,6n + 5, 18n + 15), [' 
(6, 6n + 5, 12n + 8, 18n + 9, 36n + 24), (6, 6n + 5, 12n + 8, 18n + 15, 36n + 30), 
(8, 4ra + 5, 4n + 7, 4n + 9, 12n + 23), (9, 3n + 8, 3ra + 11, 6ra + 13, 12n + 35), 

^ (1, 3, 5, 8, 16), (2, 3, 4, 7, 14), (5, 6, 8, 9, 24), (5, 6, 8, 15, 30) 

where n is a positive integer, 

— (ao, ai, 02, 03, d) = (1, 1, 2, 3, 6) and the pencil | — does not have cuspidal curves, 

— (ao, ai, 02, as, d) = (1, 2, 3, 5, 10) and Cx = {x = 0} has an ordinary double point, 

— (ao, ai, 02, as, d) = (1, 3, 5, 7, 15) and the defining equation of X contains yzt, 

— (ao, ai, 02, 03, d) = (2, 3, 4, 5, 12) and the defining equation of X contains yzt. 
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Corollary 1.2.5. In the notation and assumptions of Theorem 11.2.21 the surface has an 
orbifold Kahler-Einstein metric with the following possible exceptions: X45 C P(7, 10, 15, 19), 
Xgi C P(7,18,27,37), Xq^ C P(7, 15, 19, 32), C P(7, 19, 25, 41), X117 C P(7, 26, 39, 55), 
Xi5 C P(l,3,5,7) whose defining equation does not contain yzt, and X12 C P(2,3,4, 5) whose 
defining equation does not contain yzt. 

Corollary 11.2.31 illustrates the fact that exceptional del Pezzo surfaces lie in finitely many 
families (see |42] . |37]). On the other hand. Corollary 11.2.31 shows that weakly-exceptional del 
Pezzo surfaces do not enjoy this property. Note also that Corollary 11.2.31 follows from [29j. 

1.3. Preliminaries 

For the basic definitions and properties concerning singularities of pairs we refer the reader 
to [26] . To prove Theorem 11.2.21 we need to compute the log canonical thresholds of individ- 
ual effective divisors. The following two lemmas are rather basic properties of log canonical 
thresholds but will be useful to compute them. For the proofs the reader is referred to [26j and 

m- 

Lemma 1.3.1. Let / € C[xi, . . . , x„] and D = {f = 0). Suppose that the polynomial / vanishes 
at the origin O in C". Set d = multo(/) and let denote the degree d homogeneous part of 
/. Let TqD = {fd = 0) C be the tangent cone of D and ¥{ToD) = {fa = 0) C P"-^ be the 
projectivised tangent cone of D. Then 

(1) i^lcto(CM))^^. 

(2) The log pair (P"-\ ^P(roD)) is log canonical if and only if IctoCC",!?) = f . 

(3) If P(ToD) is smooth (or even log canonical) then lcto(C", D) = min{l, ^}. 

Lemma 1.3.2. Let / be a polynomial in C[2;i,Z2]- Suppose that the polynomial defines an 
irreducible curve C passing through the origin O in C^. We then have 

lcto{C^C)=mm(l,- + -] , 
\ m n J 

where (m, n) is the first pair of Puiseux exponents of /. We also have 

Icto (C^ {z-^zT (^r + ) = O)) = mln f ^, 1, ^ ""1 ) ' 

' \ni 71-2 mim2 + min2 + ra2ni J 

where ni, n2, m-i, m2 are non-negative integers. 

Throughout the proof of Theorem 11.2.21 Inversion of Adjunction that enables us to compute 
log canonical thresholds on lower dimensional varieties will be frequently utilized. Let X be a 
normal (but not necessarily projective) variety. Let 5 be a smooth Cartier divisor on X and B 
be an effective Q-Cartier Q-divisor on X such that Kx + S + B is Q-Cartier and S % Supp(i?). 

Theorem 1.3.3. The log pair {X,S + B) \s log canonical along S if and only if the log pair 
{S,B\s) is log canonical. 

In the case when X is a surface, Theorem 11.3.31 can be stated in terms of local intersection 
numbers. 
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Lemma 1.3.4. Suppose that X is a surface. Let P be a smooth point of X such that it is also 
a smooth point of S. Then the log pair (X, S + B) is log canonical at the point P if and only if 
the local intersection number of B and S at the point P is at most 1. In particular, if the log 
pair (X,mS + B) is not log canonical at the point P for m ^ 1, then B ■ S > 1. 

Lemma 1.3.5. Let D be an effective Q-divisor such that Kx + D is Q-Cartier. For a smooth 
point P of X, the log pair {X, D) is log canonical at the point P if multp(L') ^ 1. 

Throughout the proof of Theorem 11.2.21 we interrelate Lemma 11.3.51 with Lemma 11.3.41 to 
get some contradictions. To do so, we need the following lemma that plays the role of a bridge 
between them. 

Lemma 1.3.6. Let Di and D2 be effective Q-divisors on Y with Di ~q D2. Suppose that the 
pair {X,Di) is not log canonical at a point P but the pair {X,D2) is log canonical at the 
point P. Then there is an effective Q-divisor D on y such that 

• D ~Q Di] 

• at least one irreducible component of D2 is not contained in the support of D] 

• the pair (X, D) is not log canonical at the point P. 

Proof. Write D2 = Yll=i^i^i where ftj's are positive rational numbers and Cj's are distinct 
irreducible and reduced divisors. Also, we write Di = A + Yll=i^i^i where e^'s are non- 
negative rational numbers and A is an effective Q-divisor whose support contains none of Cj's. 
Suppose that > for each i. If not, then we put D = Di. Let 



a = mm < — 



bi 

Then the positive rational number a is less than 1 since Di ~Q) D2. Put 

1 a 

D = Di - D2 

1 — a 1 — a 



I — a ^-^ \ I — a J 

1=1 ^ ' 



It is easy to see that the divisor D satisfies the first two conditions. If the pair (X, is log 
canonical at the point P, then the pair (X, Di) = (X, (1 — oi)D + Q-D2) must be log canonical 
at the point P. Therefore, the divisor D also satisfies the last condition. □ 

In the present paper, we deal with surfaces with at most quotient singularities. However, the 
statements mentioned so far require smoothness of the ambient space for us to utilize them to 
the fullest. Fortunately, the following proposition enables us to apply the statements with ease 
since we have a natural finite morphism of a germ of the origin in to a germ of a quotient 
singularity that is ramified only at a point. 

Proposition 1.3.7 ([26j). Let /: y — > X be a finite morphism between normal varieties and 
assume that / is unramified outside a set of codimension two. Let D be an effective Q-Cartier 
Q-divisor. Then a log pair (X, I?) is log canonical (resp. Kawamata log terminal) if and only if 
the log pair (Y,f*D) is log canonical (resp. Kawamata log terminal). 
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The following two lemmas will be useful for this paper. The first lemma is just a reformulation 
of Lemma 11.3.41 mixed with Proposition 11.3.71 that we can apply to our cases immediately. 
Suppose that X is a quasismooth well- formed hypersurface in P = P(ao, ai, a2, as) of degree d. 

Lemma 1.3.8. Let C be a reduced and irreducible curve on X and D be an effective Q- 
divisor on X. Suppose that for a given positive rational number A we have Amultc(I?) ^ 1. If 
A(C • D — (mult(7(I?))C^) ^ 1, then the pair {X, XD) is log canonical at each smooth point P of 
C not in Sing(X). Furthermore, if the point P of C is a singular point of X of type ^(a, b) and 
rX{C ■ D — (mult(7(D))C^) ^ 1, then the pair {X, XD) is log canonical at P. 

Proof. We may write D = mC + 0, where fl is an effective divisor whose support does not 
contain the curve C. Suppose that the pair (X, XD) is not log canonical at a smooth point P 
of C not in Sing(X). Since Xm ^ 1, the pair {X,C + Afi) is not log canonical at the point P. 
Then by Lemma 11.3.41 we obtain an absurd inequality 

l< Xn-C = XC -{D- mC) ^ 1. 

Also, if the point P is a singular point of X, then we obtain from Lemma 11.3.41 and Proposi- 
tion [L321 

^<XVl-C = XC -{D - mC) ^ ^. 
This proves the second statement. □ 
Let D be an effective Q-divisor on X such that 

D ~Q Op(ao,ai,a2,a3) W ^• 

The next lemma will be applied to show that the log pair (X, D) is log canonical at some smooth 
points on X. 

Lemma 1.3.9. Let fc be a positive integer. Suppose that ff°(P, Op(A;)) contains 

• at least two different monomials of the form x"?/^, 

• at least two different monomials of the form x'^z^ . 
For a smooth point P of X in the outside of Cx , 

Ikd 



mult p LD ^ 

if either H^(F, C'p(fc)) contains at least two different monomials of the form x^f^ or the point P 
is not contained in a curve contracted by the projection -0 : X — -> P(oo, 01,02). Here, a, /3, 7, 
5, /X and V are non- negative integers. 

Proof. The first case follows from [H Lemma 3.3]. Arguing as in the proof of [1, Corollary 3.4], 
we can also obtain the second case. □ 

Let us conclude this section by mentioning two results that are never used in this paper, but 
nevertheless can be used to give shorter proofs of Cor ollar ies 1 1 . 2 . 3 1 and 1 1 . 2 . 5l Suppose that X is 
given by a quasihomogeneous equation 

f{x,y,z,t) = C P(oo, 01,02, 03) ^ Fro](c[x,y,z,t]^, 

where wt(x) = oq ^ ■wt(y) = oi ^ wt(2;) = 02^ wt(t) = 03. 
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Lemma 1.3.10. Suppose that I = Yl 



i=0' 



lct(X) > I 



Qoai 
dl ' 

aoa2 
dl 

dl 



d>0. Then 

if /(0,0,z,t) /O, 
if /(0,0,0,t) /O. 



Proof. See [4, Corollary 5.3] (cf. [25, Proposition 11]). 



□ 



Lemma 1.3.11. Suppose that / 
reduced. Then 



i=0' 



d > 0, the curve Cx = {x = 0} is irreducible and 



lct{X) ^ < 



mm 



mm 



^, let (x,La^ 

dl \ ao 

^, lci(x,Lcx 
dl \ ao 



if /(0,0,0,t) y^O. 



Proof. Arguing as in the proof of 
required assertion. 



Proposition 11] and using Lemma 11.3.61 we obtain the 

□ 

1.4. Notation 



We reserve the following notation that will be used throughout the paper: 

• P(ao, ai, a2, as) denotes the well-formed weighted projective space Proj(C [x, y, z, i] ) with 
weights wt(x) = oq, wt(?/) = ai, wt(2;) = a2, wt{t) = a^, where we always assume the 
inequalities ao ^ oi ^ 02 ^ 03. We may use simply P instead of P(ao, ai, ^3) when 
this does not lead to confusion. 

• X denotes a quasismooth and well-formed hypersurface in P(ao, ai, ^2) ^3) (see Defini- 
tions 6.3 and 6.9 in [22], respectively). 

• Ox is the point in P(aoi oii 02i 03) defined hy y = z = t = 0. The points Oy, Oz and Ot 
are defined in the similar way. 

• Cx is the curve on X cut out by the equation x = 0. The curves C^^, Cz and Ct are 
defined in the similar way. 

• Lxy is the curve in P(ao, ai, 02, 03) defined by x = y = 0. The curves Lxz-, Lxt, Lyz, Lyt 
and Lzt are defined in the similar way. 

• Let D be a divisor on X and P € X. Choose an orbifold chart n: U ^ U for some 
neighborhood P € U C X . We put multp(Z)) = multQ(7r*-D), where Q is a point on U 
with 7r{Q) = P, and refer to this quantity as the multiplicity of D at P. 

1.5. The scheme of the proof 

We have 83 familie^ of del Pezzo hypersurfaces in The Big Table. In the present section we ex- 
plain the methods to compute the global log canonical thresholds of the del Pezzo hypersurfaces 
in The Big Table. 



By family we mean either one-parameter series (which actuaUy gives rise to an infinite number of deformation 
families) or a sporadic case. We hope that this would not lead to a confusion. 
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Let X C P(ao) 0x102103) be a del Pezzo surface of degree d in one of the 83 families (actually, 
one infinite series has been treated in [15] . so we will omit the computations in this case). Set 
/ = ao + oi + 02 + 03 — There are two exceptional cases where = ai. The method for 
these two cases is a bit different from the other cases. Both cases will be individually dealt with 
(Lemmas YTT:^ and [3X51) . 

If ao 7^ «!, then we will take steps as follows: 

Step 1. Using Lemmas 11.3.11 and II. 3. 21 with Proposition 1 1 .3 . 7l we compute the log canonical 
thresholds lct(X, ^C7,), lct(X, ^^Cy), lct(X, ^C,) and lct(X, ^C^). Set 

A = min ilct(X, — C^.),lct(X, — C7^),lct(X, — C^),lct(X, —Ct)\. 
y ao ao ao ao J 

Then the global log canonical threshold lct(X) is at most A. 

Step 2. We claim that the global log canonical threshold lct(X) is equal to A. To prove 
this assertion, we suppose \ci{X) < A. Then there is an effective Q-divisor D equivalent to the 
anticanonical divisor —Kx of X such that the log pair {X, XD) is not log canonical at some 
point P ^ X. In particular, we obtain 

{1 if the point P is a smooth point of X, 
1 1 

— if the point P is a singular point of X of type —(a, b). 
r r 

from Lemma 11.3.51 and Proposition 11.3. 7[ 

Step 3. We show that the point P cannot be a singular point of X using the following 
methods. 

Method 3.1. (Multiplicity) We may assume that a suitable irreducible component C of 
Cx, Cy, Cz, and Cf is not contained in the support of the divisor D. We derive a possible 
contradiction from the inequality 

C-D;, multp(C) . ^^^^^M^ > ^^^^pjC)^ 

r rX 

where r is the index of the quotient singular point P. The last inequality follows from the 
assumption that (X, XD) is not log canonical at P. This method can be applied to exclude a 
smooth point. 

Method 3.2. (Inversion of Adjunction) We consider a suitable irreducible curve C 
smooth at P. We then write D = fiC + fi, where is an effective Q-divisor whose support does 
not contain C. We check A/U ^ 1. If so, then the log pair {X,C + X^l) is not log canonical at 
the point P either. By Lemma 11.3.81 we have 

X(D-fiC)-C = XC-n> -. 

r 

We try to derive a contradiction from this inequality. The curve C is taken usually from an 
irreducible component of Cx, Cy, Cz, or Cf. This method can be applied to exclude a smooth 
point. 
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Method 3.3. (Weighted Blow Up) Sometimes we camiot exclude a singular point P only 
with the previous two methods. In such a case, we take a suitable weighted blow up tt -.Y ^ X 
at the point P. We can write 

Ky + D^ ~q tt*{Kx + XD), 

where is the log pull-back of XD by vr. Using method 3.1 we obtain that is effective. 
Then we apply the previous two methods to the pair {Y,D^), or repeat this method until we 
get a contradictory inequality. 

Step 4. We show that the point P cannot be a smooth point of X. To do so, we first apply 
Lemma 11.3.91 However, this method does not work always. If the method fails, then we try to 
find a suitable pencil C on X. The pencil has a member F which passes through the point P. 
We show that the pair (X, XF) is log canonical at the point P. Then, we may assume that the 
support of D does not contain at least one irreducible component of F. If the divisor D itself 
is irreducible, then we use Method 3.1 to exclude the point P. If F is reducible, then we use 
Method 3.2. 



Part 2. Infinite series 

2.1. Infinite series with 1 = 1 

Lemma 2.1.1. Let X be a quasismooth hypersurface of degree 8n-|-4 in P(2, 2?i-|-l, 2?i-|-l, 4?i-|-l) 
for a natural number n. Then lct(X) = 1. 

Proof. The surface X is singular at the point Ot, which is of type ^^^-^ (1, 1). It has also four 
singular points Oi, O2, O3, O4, which are cut out on X by Lxt- Each d is a singular point of 
type 2n+i the surface X. 

The curve Cx is reducible. We see 

Cx = Li + L2 + + L4, 

where Li is a smooth rational curves such that 

1 



-Kx ■ Li 



(2n+ l)(4n + 1)' 
and Li n L2 n L3 n L4 = {Ot}. Then 

1 



^ 4n + 1 



2^, 3 2 3 6n + l 



for i ^ j. Also, we have 
L^ = C ■ L - 

^ ' An+l (2n + l)(4n + l) 4n + 1 (2n + l)(4n + 1) ' 

It is easy to see \ct{X,\Cx) = 1. Therefore, lct(X) ^ 1. Suppose that lct(X) < 1. Then 
there is an effective Q-divisor D ~q —Kx such that the log pair (X, D) is not log canonical at 
some point P € X. 
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Since 

(4n + 2)(8n + 4) 



< 1 



2(2n + l)2(4n + l) 4n + 1 

and H^(F, Op{An + 2)) contains and z^, Lemma [1 . 3 . 9 1 implies that P e C^- 

It follows from Lemma [1.3.61 that we may assume that Lj ^ Supp(L') for some i. Also, P € Lj 
for some j. Put L* = mLj + 17, where Q is an effective Q-divisor such that Lj (t Supp(i7). Since 

1 772 

D ■ Lj = (rriLi + 17) • L,- ^ mL,- • L, = , 

V J ; « ^ J 4n + 1 



(2n + l)(4n + l 
we have ^ m ^ n-^rr- Since 

^ ^ in+l 

1 _(_ rn(6n + 1) 2 
(2„ + l)n . L, = (2„ + !)(«- . L, = (2„ + 1) ^ __ < i 

Lemma ll. 3. 81 implies the point P must be Of. Note that the inequality 

multo, {D) ^ (4n + 1)D ■ U = ^ 1, 

Zn + 1 

shows that the point P cannot be the point Ot- This is a contradiction. □ 

2.2. Infinite series with 1 = 2 

Lemma 2.2.1. Let X be a quasismooth hypersurface of degree 8n + 12 in P(4, 2n + 3,2n + 
3, 4?i + 4) for a natural number n. Then lct(X) = 1. 

Proof. The only singularities of X are a singular point Of of index 4n + 4, two singular points 
Pi, P2 of index 4 on Ly^, and four singular points Qi, Q2, Q3, Qa of index 2n + 3 on L^t- 

The curve Cx is reduced and splits into four irreducible components Li,...,L4. Each Lj 
passes through Qj. They intersect each other at Of. One can easily see that lct(X, ^Cx) = 1, 
and hence lct(X) ^ 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~(q —Kx such that the log 
pair (X, D) is not log canonical at some point P G X. 

By Lemma ll. 3. 61 we may assume that Lj ^ Supp(D) for some i. Since 

4^ _(_ 4 

(An + A)Li ■ D = < 1 

^ ^ ' ' (2n + 2)(2n + 3) 

for all n ^ 1, the point P cannot belong to the curve Lj. 

For j 7^ i, put D = fiLj + fi, where ft is an effective Q-divisor such that Lj (f_ Supp (0). Since 

^ - fiL^-Lj^D-L,- ^ 



we have 



in + 4 ^ 2(n + l)(2n + 3)^ 

2 



Note that 

L? = Cx • Lj — 3Li ■ Lj 



2n + 3 

2 3 6n + 5 



2(n + l)(2n + 3) A{n + 1) 4(n + l)(2n + 3) ' 
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By Lemma 11.3.41 the inequality 

{2n + ?,)n.L, = {2n + 2,){D-^,L,).L, = '^-±^±^^^^<l 

for all n ^ 1 shows that P cannot be contained in Lj. Consequently, the point P is located in 
the outside of Cx- 

By a suitable coordinate change we may assume that Pi = Ox- Then, the curve Ct is reduced 
and splits into four irreducible components L'-^, . . . ,L'^. Each L'^ passes through the point Qi. 
They intersect each other at Ox- We can easily see that the log pair {X, -^^Ct) is log canonical. 
By Lemma 11.3.61 we may assume that L[ (f_ Supp(L'). Since 

multo.p)^4L^i? = ^-^<l 

for all n ^ 1, the point P cannot be Ox- The point P2 can be excluded in a similar way. 
Therefore, P is a smooth point of X \ C^. Applying Lemma ll.3.9l we see that 

, , , 2(8n + 12)2 

1 < multp m ^ — -,r—-^ ^ 1 

^ ^ 4(2n + 3)2(4n + 4) 

for n ^ 1 since i?°(P,Op(8n + 12)) contains 

^2n+3^ y4 g^^^ ^4^ "Yhe obtained contradiction 
completes the proof. □ 

Lemma 2.2.2. Let X be a quasismooth hypersurface of degree 18n + 6 in P(3, 3n + l,6n + 
1, 9n + 3) for a natural number n ^ 1. Then lct(X) = 1. 

Proof. The only singularities of X are a singular point Oz of index 6n + 1, two singular points 
Pi, P2 of index 3 on Lyz, and two singular points Qi, Q2 of index 3n + 1 on Lxz- 

The curve Cx is reduced and splits into two components Li and L2 that intersect at Oz- It is 
easy to see that lct(X, "^Cx) = 1. Therefore, lct(X) ^ 1. Note that 

T T ^ . r2 r2 9n-3 

Li ■ Lo = and Li = Ln = —- — 7. 

6n + l ^ 2 (3n + l)(6n + l) 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair (X, D) is not log canonical at some point P G X. 

We may assume that L2 is not contained the support of D. The inequality 

2 1 
D-L2= ,^ , ,,,, ^ 



(3n + l)(6n + l) 6n + 1 

shows that the point P cannot belong to the curve L2- Put D = fxLi + Q, where Q is an effective 
Q-divisor whose support does not contain the curve Li. Since 

3/U 2 
/xLi - L2 ^ D - L2 



6n + l (3n+l)(6n + l) 

we have 

3(3n + 1) 
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Lemma 11.3.81 and the inequality 



n.L, = iD-,L,).L, = 4±l^j>^< 



(3n + l)(6n + l) (3n + l)(6n + l) 

show that the point P is located in the outside of Li. Therefore, P ^ Cx- 

The curve Cy is irreducible. It is easy to see that the log pair {X, g^jrjC'y) is log canonical. 
Therefore, we may assume that the support of D does not contain the curve Cy. Note that 
Pi, P2 & Cy. The inequality 

4 

3D-Cy = ^ 1 

^ 6n + 1 

shows that neither Pi not P2 can be the point P. 

Hence P is a smooth point of X \ Cx- Applying Lemma 11.3.91 we get an absurd inequality 

, 2(18n + 6)(18n + 3) 

1 < multp Z) ^ \ ' ^ 1 

3(3n + l)(6n + l)(9n + 3) 

since ^^^(P, Op(18n + 3)) contains 

^6n+i ^ rpSuyS Q^Yid z"^ . The obtained contradiction completes 
the proof. □ 

Lemma 2.2.3. Let X be a quasismooth hypersurface of degree 18n + 3 in P(3, 3n + l, 6n + l, 9n) 
for a natural number n ^ 1. Then lct(X) = 1. 

Proof. The singularities of X are a singular point Oy of index 3n + 1, a singular point Ot of 
index 9n, and two singular points Qi, Q2 of index 3 on Ly^. 

The curve Cx is reduced and irreducible and has the only singularity at Ot. It is easy to see 
that lct(X, ^Cx) = 1, and hence lct(X) ^ 1. The curve Cy is quasismooth. Therefore, the log 
pair {X, 3„^i Cy) is log canonical. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair (X,D) is not log canonical at some point P ^ X. By Lemma 11.3.61 we may assume that 
neither Cx nor Cy is contained in Supp(£'). 

The inequalities 

Cx-D<{3n + l)Cx-D = ^< 1, 

, multo,(C^)multo,(-D) 9nCx ■ D 2 

multo.CD = ^ f = -— - < 1 

3 3 3n + 1 

show that the point P must be located in the outside of Cx. 

Also, the inequality 

^ 3n 

implies that neither Qi not Q2 can be the point P. Hence P is a smooth point of X \Cx. We 
see that H^(F, Op(9n + 3)) contains x^"""*"^, and xt. Also, the projection of X from the point 
Oz has only finite fibers. Therefore, Lemma 11.3.91 implies a contradictory inequality 

, 2(18n + 3)(9n + 3) 2 

1 < multp(P>) ^ -—^ -—^ = — < 1. 

^ ^ 3(3n + l)(6n+l)-9n 3n 

The obtained contradiction completes the proof. □ 
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Lemma 2.2.4. Let X be a quasismooth hypersurface of degree 12 in P(3, 3, 4, 4). Then \ct{X) = 
1. 

Proof. The surface X can be defined by the quasihomogeneous equation 

4 3 

Y[{aiX + Ay) = Y{{"fjZ + 6jt), 
i=i j=i 

where [oii : Pi] define four distinct points and [jj : 5j] define three distinct points in P^. 

Let Pi be the point in X given by z = t = OiX + /3jy = 0. These are singular point of X of 
type 1). Let Qj be the point in X that is given hy x = y = •jjz + 6jt = 0. Then each of 
them is a singular point of X of type 1). 

Let Lij be the curve in X defined by a^x + Piy = jjz + 6jt = 0, where i = 1, ... ,4 and 
i = 1,...,3. 

The divisor Cj cut out by the equation a^x + f3iy = consists of three smooth curves Ln, 
Li2, Li3. These divisors Cj, i = 1,2,3,4, are the only reducible members in the linear system 
I Ox (3) I . Meanwhile, the divisor Bj cut out by 'jjz + Sjt = consists of four smooth curves Lij, 
L2j, L^j, L/^j. Note that Ln n Li2 n Lj3 = {Pi} and Lij n L2j H L^j n L^j = {Qj}. We have 
Lij ■ Lik = \ and Lji ■ Lki = \iik^ j. But L'fj = 

Since let {X, |Ci) = let {X, \Bj) = 1, we have lct(X) ^ 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the 
pair (X, D) is not log canonical at some point P. For every z = 1, ... ,4, we may assume that 
the support of the divisor D does not contain at least one curve among Ln, Li2, Li^. Suppose 
Lik ^ Supp(L'). Then the inequality 

multp^(L') ^3D-Lik = ^ 

implies that none of the points Pi can be the point P. For every j = 1,2,3, we may also assume 
that the support of the divisor D does not contain at least one curve among Lij , L2j , L^j , L4j . 
Suppose Lij (/i Supp(L'). Then the inequality 

multQ^.(Z)) ^4Z)-Li, = ^ 

implies that none of the points Qj can be the point P . Therefore, the point must be a smooth 
point of X. 

Write D = fiLij + fi, where Q is an effective Q-divisor whose support does not contain Lij. 
If /i > 0, then we have fiLij ■ Lik ^ D ■ Lik, and hence fi ^ ^. Since 

2 + 5/i 
^ 12 

Lemma 11.3.41 implies the point P cannot be on the curve Lij. Consequently, 

4 3 

^ ^ U U ^'^r 
i=ij=i 
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There is a unique curve C <Z X cut out by Xx + fiy = 0, where [A : /i] G P^, passing through 
the point P. Then the curve C is irreducible and quasismooth. Thus, we may assume that C is 
not contained in the support of D. Then 

1 < multp(L») <:DC=^. 

This is a contradiction. □ 

Lemma 2.2.5. Let X be a quasismooth hypersurface of degree 9n + 3 in P(3, 3n, 3n + 1, 3n + 1) 
for n ^ 2. Then lct(X) = 1. 

Proof. We may assume that the surface X is defined by the equation 

xy{y - ax'^){y - + zt{z - ct) = 0, 

where o, b, c are non-zero constants and b ^ c. The point Oy is a singular point of of index 3n 
on X. The three points Ox, Pa = ■ o- '■ : 0], P^ = [1 : b : : 0] are singular points of index 3 
on X. Also, X has three singular points Oz, Ot, Pc = [0 : : c : 1] of index 3n + 1 on L^y 

The curve Cx consists of three irreducible components L^z, L^t and Lc = {x = z — ct = 0} . 
These three components intersect each other at Oy. It is easy to check lct{X, ^Cx) = 1- Thus, 
lct(X) ^ 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~(q —Kx such that the log 
pair (X, D) is not log canonical at some point P G X. 

By Lemma 11.3.61 we may assume that at least one of the components of Cx is not contained 
in Supp(L'). Then, the inequality 

2 

SnLxz ■ D = 3nLxt ■ D = 3nLc ■ D = < 1 

3n + 1 

implies that the point P cannot be the point Oy. 

Put D = fiLxz + where Q is an effective Q-divisor whose support does not contain the 
curve Lxz- We claim that 

2 

^ 3n + 1 

Indeed, if the inequality fails, one of the curves Lxt and Lc is not contained in Supp(D). Then 
either 

u, 2 u 2 

— = uLxz ■ Lxt ^ L) ■ Lxt = — ; r > or — = uLxz ■ Lc ^ D ■ Lr = — r 

6n 6n[dn + 1) 6n 6n[6n + 1) 

holds. This is a contradiction. Note that 

^2 ^ 6re - 1 
"""^ 3n(3n + 1) ' 



The inequality 



n.Lxz = '-±^^^< ' 



3n(3n +1) 3n + 1 

holds for all n ^ 2. Therefore, Lemma 11.3.81 implies the point P cannot belong to Lxz- By tbe 
same way, we can show that P Lxt U Lc- 
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Let C be the curve on X cut out by the equation z — at = 0, where a is non-zero constant 
different from c. Then the curve C is quasismooth and hence lct(X, g^^-^ C) ^ 1. Therefore, we 
may assume that the support of D does not contain the curve C . Then 

mnMoJD), m.n\ip(D), mnltpAD) ^ 3Z) • C = - ^ 1 

n 

for n ^ 2. Therefore, P cannot be a singular point of X. Hence P is a smooth point oi X\Cx- 
Applying Lemma ll.3.9l we get an absurd inequality 

, , 2(9n + 3)2 

I < muitpp ^ „ ^ ^' ^ 1 

3 • 3n(3n + l)(3n + 1) 
for n ^ 2 since i7°(P,C'p(9n + 3)) contains 

^3n+i^ xy^ and z'^ . The obtained contradiction 
completes the proof. □ 

Lemma 2.2.6. Let X be a quasismooth hypersurface of degree 9n-|-6 in P(3, 3n-|-l, 3n-|-2, 3n-|-2) 
for n ^ 1. Then lct(X) = 1. 

Proof. The only singularities of X are a singular point Oy of index 3re + 1, and three singular 
points Pi, i = 1,2, 3, of index 3n + 2 on L^y 

The divisor Cx consists of three distinct irreducible and reduced curves Li, L2, L3, where each 
Li contains the singular point Pi. Then LinL2r\L^ = {Oy}. It is obvious that lct(X, fC^) = 1, 
and hence lct(X) ^ 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~(q —Kx such that the log 
pair {X,D) is not log canonical at some point P £ X. By Lemma ll.3.6l we may assume that Li 
is not contained in Supp(D). 

Since 

Li • Z)< (3n + • D = < 1 

3n + 2 

for all n ^ 1, we see that P ^ Li. In particular, we see that P ^ Oy. 

Put D = /iL2 + O, where is an effective Q-divisor such that L2 (fi Supp(r2). Then the 
inequality 

II 2 
liL\ ■ L2 ^ D ■ Li 



3n + l {3n+l){3n + 2)' 

implies that fi ^ 3n+2 • "^^^ intersection number 

^2 ^ 6n + l 

^ (3n-M)(3n + 2) 

shows 

(3n + 2)Q • L2 = (3n + 2){D - ^La) • L2 = ^ ^, ^^^"^ ^ ^ ^ 



(3n +1) (3n + 2) 

for all n ^ 1. Therefore, Lemma 11.3.81 excludes all the smooth point on L2 in the case where 
n ^ 1 and the singular point P2 in the case where n ^ 2. For the case n = 1, let C2 be the unique 
curve in the pencil lOxCS)] that passes through the point P2. Then the divisor C2 consists of 
two distinct irreducible and reduced curve L2 and i?2- The curve R2 is singular at the point 
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P2- Moreover, the log pair (X, IC2) is log canonical at the point P2- By Lemma [1.3.6^ we may 
assume that R2 ^ Supp(D). Then the inequality 

2mvi\ip^{D) ^ multp2(i:>)multp2(P2) ^ 5L> • i?2 = 2 

excludes the point P2 in the case where n = 1. By the same method, we can show P ^ L^. 

Hence the point P must be a smooth point in X \ Cx- For the case n ^ 2, we can use 
Lemma ri.3.91 to get a contradiction 

, 2(9n + 6)2 6 

1 < multp Z) ^ ) ' = — — < 1, 

3(3n + l)(3n + 2)(3n + 2) 3n + 1 

since i?°(P, Op(9n + 6)) contains y^x and z^. For the case n = 1, let i?p be the unique 

curve in the pencil |Ox(5)| that passes through the point P. The log pair (X, |i?p) is log 
canonical at the point P. By Lemma ll.3.6t we may assume that Supp (D) does not contain at 
least one irreducible component of i?p. Note that either Rp is irreducible or Pk G Rp for some 
/c = 1,2,3. IfiJpis irreducible, then we can obtain a contradiction 

1 < multpp) i^D-Rp = ^. 

Thus, Pk G Rp- Then Rp consists of two distinct irreducible curves L^. and Z. Since we already 
showed that P is located in the outside of L^, the point P must belong to the curve Z. We have 

^ 20 5' 5 

Put D = mZ + A, where A is an effective Q-divisor such that Z ^ Supp (A). If m > 0, then 

3/7T/ 1 

= mZ ■ Lu < D ■ Li. = — , 

5 10 

and hence ^ |. Then Lemma 11.3.81 gives us a contradiction 

2 - 2m 

1< A • Z = < 1. 

5 

□ 

Lemma 2.2.7. Let X be a quasismooth hypersurface of degree 12n + 6 in P(4, 2n + l,4n + 
2, 6n + 1) for n ^ 1. Then lct(X) = 1. 

Proof. We may assume that the surface X is defined by the equation 

xt^ + + ax2"+iy2 _ _ aiy'^){z - a2y^){z - a^y^) = 0, 

where oi, 02, 03 are distinct constants and a is a constant. 

The only singularities of X are a singular point Ox of index 4, a singular point Ot of index 
6n+l, a singular point Q = [1 : : 1 : 0] of index 2, and three singular points Pi = [0 : 1 : ai : 0], 
P2 = [0 : 1 : a2 : 0], P3 = [0 : 1 : as : 0] of index 2n + 1. 

The divisor Cx consists of three distinct irreducible curves Li = {x = z — aiy"^ = 0}, i = 1,2, 3. 
Note that each Li passes through the point Pj and Li n L2 H L3 = {Ot}. We can easily check 
lct(X, iCa;) = 1, and hence lct(X) < 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair (X, D) is not log canonical at some point P € X. 
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By Lemma 11.3. 61 we may assume that Li is not contained in Supp(L'). Since 

{6n + l)L^■D = -^<l 
ln+ 1 

the point P is located in the outside of Li. 

Put D = 1J.L2 + ^i, where is an effective Q-divisor such that L2 Supp (0). Then 

2/i 2 

6n + l ^ (2n + l)(6n + 1)' 

and hence \x ^ 2nTT' Si'^'^^ 



^2 



(2n + l)(6n + 1) 



we have 



(2n + • L2 = (2n + - M2) • L2 = ^^^^ ^ < ^ 

on + 1 in + 1 



for all n ^ 1. Then Lemma 11.3.81 excludes all the points on L2. Furthermore, the same method 
works for L3. 

The curve Cy is quasismooth. Thus the log pair (X, 2n+\ ^y^ ^"^S canonical. By Lemma fl.3.61 
we may assume that Cy is not contained in Supp(D). Then the inequality 

6 

4C,, • D = < 1 

^ 6n + 1 

implies that the point P is neither O^; nor Q. Hence P is a smooth point of X \ Cx- However, 
Lemma n. 3. 9 1 gives us 

, ^ U4n{2n + 1) 

"^^^'^^''^ ^ 8(2n+l)2(6n + l) < ' 
since i/*'(P, Op(12n)) contains x^^, y'^x"^^ and z^x"^^. This is a contradiction. □ 

2.3. Infinite series with 1 = 4 

Lemma 2.3.1. Let X be a quasismooth hypersurface of degree 18n + 15 in P(6, 6n + 3, 6n + 
5, 6n + 5) for n ^ 1. Then lct(X) = 1. 

Proof. We may assume that the surface X is defined by the equation 

{z - ait){z - a2t){z - a^t) + xy{y^ - x^^+i) = 0, 

where oi, 02, as are distinct constants. The only singularities of X are a singular point Ox of 
index 6, a singular point Oy of index 6n + 3, a singular point Q = [1 : 1 : : 0] of index 3, and 
three singular points Pj = [0 : : aj : 1], i = 1, 2, 3, of index 6n + 5. 

The divisor Cx consists of three distinct irreducible curves Li = {x = z — ait = 0}, i = 1,2, 3. 
Note that each Lj passes through the point Pi and Li n L2 n L3 = {Oy}- We can easily check 
lct(X, |Ca;) = 1, and hence lct(X) < 1. 

The divisor Cy consists of three distinct irreducible curves L'- = {y = z — ait = 0}, i = 1, 2, 3. 
Each passes through the point Pi and L[ n -L2 fl Lg = {Ox}- The log pair {X, Q^_^_^ Cy) is log 
canonical. 
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Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair (X, D) is not log canonical at some point P G X. 
For a general member C in |(9x(6n + 5)|, we have 

multQ(I)) ^?,D-C= — ^ < 1. 

on + 3 

Therefore the point P cannot be the point Q. 

By Lemma 11.3.61 we may assume that Li and L'^ are not contained in Supp(D). The two 
inequalities (6n + b)D ■ Li = g^'^g < 1 and 6D ■ L[ = g^p^ < 1 show that the point P is located 
in the outside of Li U L'^. 

Write D = + ^, where Q is an effective Q-divisor such that L2 ^ Supp(r2). Then 

fj, 4 
fiLi ■ L2 ^ D ■ Li 



6n + 3 (6n + 3)(6n + 5)^ 

and hence ^ gjvPS' ^o^e that 



o 12n + 4 

^2 - 



(6n + 3)(6n + 5)' 



Therefore, we have 



(6n + 5)n ■ L2 = (6n + 5)(D - /iLa) • L2 = ^ + (^^^ + ^)^ ^ 



6n + 3 6n + 5 

Therefore, Lemma 11.3.81 excludes all the smooth point on L2 in the case where n ^ 1 and the 
singular point P2 in the case where n ^ 2. For the case n = 1, let C2 be the unique curve in the 
pencil that passes through the point P2. Then the divisor C2 consists of three distinct 

irreducible and reduced curve L2, L'2 and i?2- The log pair (X, ^C2) is log canonical at the 
point P2- If = 0, then the inequality above immediately excludes the point P2 for the case 
n = 1. Therefore we may assume that either ^ Supp(-D) or R2 <f- Supp(-D). In the former 
case, the intersection number 

^ 33 

shows that the point P cannot be P2- In the latter case, the intersection number 

1 

D . i?2 = — 
11 

excludes the point P2- By the same method, we can show P L3. 

Hence the point P must be a smooth point in X \ Cx- For the case n ^ 2, we can use 
Lemma ll.3.9l to get a contradiction 

, 4(18n + 15) • 6(6n + 5) 4 

6(6n + 3)(6n + 5)(6n + 5) 2n + 1 

since H^(F, Op(6(6n-|-5)) contains x^""*"^, y^x'^ and z^. For the case n = 1, let Rp be the unique 
curve in the pencil that passes through the point P. The log pair (X, jiRp) is log 

canonical at the point P. By Lemma ll.3.6l we may assume that Supp (D) does not contain at 
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least one irreducible component of Rp. Note that either Rp is irreducible or G Rp for some 
k = 1,2,3. However, if Rp is irreducible, then we can obtain a contradiction 

2 

1 < multpp) i^D-Rp = -. 

9 

Thus, Pfc S Rp. Then Rp consists of three distinct irreducible curves L^, and Z. We have 

D.L', = -, D-Z = -, L'i = --, Z^ = --. 

33 33 66 33 



Put D = niiZ + m2L'i^ + A, where A is an effective Q-divisor whose support contains neither 
Z nor L^. Since the pair {X, D) is log canonical at the point P^, we have mi,m2 ^ 1. Since we 
already showed that P is located in the outside of L^, the point P must belong to either or 
Z. However, Lemma 1 1 . 3 . 8 1 shows that the pair {X,D) is log canonical at the point P since 

[D-miZ)-Z = — — — < 1, [D - m2L^) ■ = — < 1. 

This is a contradiction. □ 

Lemma 2.3.2. Let X be a quasismooth hypersurface of degree 36n + 24 in P(6, 6n + 5, 12n + 
8, 18n + 9) for n ^ 1. Then lct(X) = 1. 

Proof. We may assume that the surface X is defined by the equation 

^3 + y3^ + ^^2 _ ^6„+4 ^ „^2n+ly2^ ^ 

where a is a constant. The only singularities of X are a singular point Oy of index 6n + 5, a 
singular point Ot of index 18n + 9, a singular point Q = [1 : : : 1] of index 3, and a singular 
point Q' = [1 : : 1 : 0] of index 2. 

The curve Cx is reduced and irreducible with multot(CxO = 3. Clearly, lct(X, IC^,) = 1, 
and hence lct(X) ^ 1. The curve Cy is quasismooth, and hence the log pair {X, Qj^^^ Cy) is log 
canonical. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair {X, D) is not log canonical at some point P G X. 
bmce P'°(P, Op{36n + 30)) contains 

j^6n+5 ^ yd g^j^j 2;3j.^ Lemma 11.3.91 implies 

, 4(36n + 24)(36n + 30) 

multp L> ^ — ^-^ — < 1. 

^ ^ 6{6n + 5)(12n + 8)(18n + 9) 

Therefore, the point P cannot be a smooth point in the outside of Cx. 

By Lemma ll.3.61 we may assume that neither Cx nor Cy is contained in Supp (D). Then the 
inequality 

3D-Cy = — - — ^ 1 

^ 6n + 3 

implies that the point P is neither Q nor Q' . One the other hand, the inequality 

(6n + 5)D ■ Cx = < 1 

6n + 3 
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shows that the point P can be neither a smooth point on Cx nor the point Oy. Therefore, it 
must be Ot- However, this is a contradiction since 

^ multo.(Z^)multo,(a) 18n + 9 .Cx = ^<l. 
' 3 3 6n + 5 

The obtained contradiction completes the proof. □ 

Lemma 2.3.3. Let X be a quasismooth hypersurface of degree 36n + 30 in P(6, 6n + 5, 12n + 
8, 18n + 15) for n ^ 1. Then lct(X) = 1. 

Proof. We may assume that the surface X is defined by the equation 

{t - aiy^){t - a2y^) + xz^ - x^''^^ + ax^^'+^y'^z = 0, 

where oi ^ 02 and a are constants. The only singularities of X are a singular point Oz of index 
12n + 8, a singular point Q = [1 : : 1 : 0] of index 2, a singular point Q' = [1 : : : 1] of index 
3, and two singular points Pi = [0 : 1 : : ai], P2 = [0 : 1 : : 02] of index 6n + 5. 

The curve Cx consists of two distinct irreducible curves Li = {x = t — aiy'^ = 0}, z = 1,2. 
Each Li passes through the point Pi. These two curves meet each other at the point Oz. It is 
easy to see lct(X, "^Cx) = 1- 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair (X, D) is not log canonical at some point P ^ X. 

By Lemma ll.3.61 we may assume that Li is not contained in Supp(D). Then the inequality 

(12n + 8)P>-Li = < 1 

on + 5 

shows that the point P must be located in the outside of Li. 

Write D = /ZL2 + where is an effective Q-divisor such that L2 <^ Supp(O). Then, the 
inequality 

3|U 1 
fiL2 ■ Li ^ D ■ Li 



implies 



Note that 



Since 



12n + 8 (3n + 2)(6n + 5) 

4 

^ ^ 3(6n + 5)' 
2 _ 18n + 9 



L2 



(12n + 8)(6n + 5)' 



r^o r 4+(18n + 9)/U 

(6n + 5)n ■ L2 = ^- — — ^ < 



12n + 8 6n + 5 ' 

Lemma [1.3.81 excludes all the points of L2 \ {Oz}. Consequently, the point P is in the outside 
oiCx. 

Meanwhile, the curve Cy is quasismooth, and hence the log pair {X, q^+^ ^v) canonical. 
Lemma ll.3.61 enables us to assume that Cy is not contained in Supp(P'). Then the inequality 

1 



3CyD = ^ 1, 



3n + 2 



excludes the singular points Q and Q' . 
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Hence P is a smooth point of X \ C^;. Applying Lemma 11.3.91 we see that 

, 4(36n + 30)(3(12n + 8) +6) 

1 < multpm ^ -4 ^ — TT V < 1, 

^ ^ 6(6n + 5)(12n + 8)(18n + 15) 

because if°(P,C'p(3(12n + 8) + 6)) contains 

^6r!,+5^ yS z^x. The obtained contradiction 
completes the proof. □ 

2.4. Infinite series with / = 6 

Lemma 2.4.1. Let X be a quasismooth hypersurface of degree 12n + 23 in P(8, 4n + 5,4n + 
7, 4n + 9) for n ^ 3. Then lct(X) = 1. 

Proof. The surface X can be given by the equation 

z^t + yf + xy^ + = 0. 

The surface X is singular only at Ox, Oy, Oz and Ot- 

The curve Cx (resp. Cy, Cz, Ct) consists of the irreducible curve Lxt (resp. Lyz, Lyz, Lxt) and a 
residual curve Rx = {x = z^+yt = 0} (resp. Ry = {y = + = 0}, Rz = {z = t^+xy"^ = 0}, 



R^ = {t = y^ + x'^+^z = 0}) . These two curves intersect each other at Oy (resp. Ot, Ox, Oz 



We can easily see that 
Therefore, lct(X) ^ 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair (X, D) is not log canonical at some point P G X. 
We have the following intersection numbers: 

6 6 12 

Lxt • D = — — , , — — r, Lyz ■ D = — — — — — , Rx ■ D 



(4n + 5)(4n + 7)' ^ 8(4n + 9)' (4n + 5)(4n + 9) ^ 

Rii ■ L) = ^ — -- — ^ , R-. ■ D = — ; , Rt • D = — ; , 

^ (4n + 7)(4n + 9) 8(4n + 5) 8(4n + 7) ' 

Lxftix- Lxt ■ tit- ^y^-^y- 4^^g' -4, 

2 _ 8n + 6 2 _ 4n+ll 2_ 8n + 2 

^* ~ ~(4n + 5)(4n + 7)' ~ ~8(4n + 9)' ^' ~ ~ (4n + 5)(4n + 9) ' 
2_ 2n + 4 p2_ 1 p2_ 12n + 3 



^ (4n + 7)(4n + 9)' 2(4n + 5) ' 8(4n + 7) ' 

By Lemma [1.3.6l we may assume that either Lxt 't- Supp (D) or Rx Supp (D). Then at least 
one of the inequalities 

6 12 
multo,(Z?) < (4n + 5)L,t • = — — , multo,(i^) ^ (4n + 5)P, • D = — — 
" 4n + 7 4n + 9 
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holds. Therefore, the point P cannot be the point Oy. We also may assume that either Ly^ ^ 
Supp (D) or Rz ^ Supp (D). Then at least one of the inequalities 

6 8 6 

mnltoAD) ^ 8Lyz ■ D = multojD) ^ -R. ■ D = ^-^ 

holds. Note that the curve Rz is singular at the point Ox- Therefore, the point P cannot be the 
point Ox- We also may assume that either Lxt ^ Supp(D) or Rt ^ Supp(D). Then at least 
one of the inequalities 

multo, (B) ^ (4n + 7)L^t • D = ——, multo, (D) ^ -^^^Rt • ^ = t 

4n + 5 6 4 

holds. Note that the curve Rt has multiplicity 3 at the point if n ^ 2. Therefore, the point 

P cannot be the point Oz- 

Write D = miLxt + rn2Lyz + m^Rx + m^Ry + m^Rz + m^Rt + f^, where is an effective 
Q-divisor whose support contains none of Lxt-, Lyz, Rx, Ry, Rz, Rt- 

If mi > 0, then 7713 = 0. Therefore, the inequality 

2mi 12 
mi Lxt ■ Rx ^ D ■ Rx 



4n + 5 (4n + 5)(4n + 9) 

4n+9 ■ 



shows ^ mi ^ . ^q . By Lemma 11.3.81 the inequality 



m r w 6 + mi(8n + 6) ^ 18 

[D — m-i Lrt ) • Lrt = r-, r ^ -, r < 1 

^ ' (4n + 5)(4n + 7) (4n + 7)(4n + 9) 

implies that the point P cannot be a smooth point on Lxt- 
If m2 > 0, then Rz Supp(D). Therefore, the inequality 

7712 



m2Lyz ■ Rz<,D ■ Rz 



4 """"^^ " " 2(4n + 5) 

471+5 ■ 



shows ^ 7712 ^ A^,r, - By Lemma [1.3.81 the inequality 



(D - m2Lyz) ■ Lyz = ^ , „^ ^ , rrN^... , < ^ 



6 + 7772(4n + 11) ^ 6(n + 2 
8(4n + 9) ^ (4n + 5)(4ri + 

implies that the point P cannot be a smooth point on Lyz 
If 7773 > 0, then 7771 = 0, and hence 

27713 



m^Lxt ■ Rx ^ D ■ Lxt 



An + 5 '^'^ (47i + 5)(4ri + 7)' 

Therefore, ^ 7773 ^ in+T inequality 

^ ^ X (4^ + 5)(4„ + 9) ^ (477 + 7)(47i + 9) 

implies that the point P cannot be a smooth point on Rx- Moreover, this inequality shows that 
the point P cannot be the point Ot since 7i ^ 3. 

If 777,4 > 0, then we may assume that 777,2 = 0. We then obtain 

7714(77 + 2) or n 7 ^ 

~ m^Ry ■ Lyz ^ D ■ Lyz ~ 



An + 9 y .y^ - yz ^^^^ ^ ■ 
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Therefore, ^ ^ i[n+2) • "^^^ inequality 

^ ^ y y (4n + 7)(4n + 9) 2(4n + 7) 

implies that the point P cannot be a smooth point on Ry. 

Since the pair {X, D) is log canonical at the point Ox and the curve Rz contains the point 
Ox, we have ms ^ 1. By Lemma [1.3.81 the inequality 

shows that the point P cannot be a smooth point on R^. 

The pair [X,D) is log canonical at the point Ox and the curve Rt contains the point Ox- 
Thus me ^ 1. By Lemma [1.3.81 the inequality 

{D - meRt) ■ Rt ^ D ■ Rt = ^ < 1 

4(4n + 7j 

implies that the point P cannot be a smooth point of Rt- 

Consider the pencil C defined by the equations Xxy"^ + fit^ = 0, [A : /x] € P^. Note that 
the curve L^t is the only base component of the pencil C There is a unique divisor Ca in £. 
passing through the point P. This divisor must be defined an equation xy'^ + ai^ = 0, where a 
is a non-zero constant, since the point P is located in the outside of Cx D Cy U Cz D Ct- Note 
that the curve Cy does not contain any component of Ca- Therefore, to see all the irreducible 
components of Ca, it is enough to see the affine curve 



x + at^ = 



C = Spec(c[x, z,t 



[ zh + + x + x"^"^"^ z = 0^ 
This is isomorphic to the plane affine curve defined by the equation 

t{z^ + (1 - a)f + (-a)"+V"+iz} = C ^ Spec(c[z,t 



Thus, if a 7^ 1, then the divisor Ca consists of two reduced and irreducible curves Lxt and Za- 
If Q = 1, then it consists of three reduced and irreducible curves L^t, Rz, R- Moreover, Za and 
R contain the point P and they are smooth at the point P. 
Suppose that a ^ 1. It is easy to check 

3(12n + 19) 
" 2(4n + 5)(4n + 7)' 

We also see that 

Za = Ca • Za — L^t ' Za ^ Ca ' Za — {L^t + Rx) ' Za = D ■ Za > 

since Za is different from the curve Rx- Put D = eZa + H, where H is an effective Q-divisor 
such that Za ^ Supp(H). Since the pair {X,D) is log canonical at the point Oy and the curve 
Za passes through the point Oy, we have e ^ 1. But 

{D - eZa) ■Za^D.Za= < 1 

2(4n + 5)(4n + 7) 



— Ca • R — Lxt ■ R — Rz ■ R ^ Ca • R — {Lxt + Rx) • R — {Lyz + Rz) • R ^ — ^ — D ■ R > 
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and hence Lemma 11.3.81 implies that the point P cannot belong to the curve Z^. 
Suppose that a = 1. Then we have 

J. j>_ 6(2n + 3) 

(4n + 5)(4n + 7) ' 

Since R is different from Lyz and 

4n + 3 

Put D = ei-R + H', where H' is an effective Q-divisor such that R (f_ Supp(H'). Since the curve 
R passes through the point Oy at which the pair (X, D) is log canonical, we have ei ^ 1. Since 

{D - eii?) ■R^D-R= .^ < ^■ 

^ ' ' ^ (4n + 5)(4n + 7) 

Lemma 11.3.81 implies that the point P cannot belong to R. □ 

Lemma 2.4.2. Let X be a quasismooth hypersurface of degree 47 in P(8, 13, 15, 17). Then 
lct(X) = 1. 

Proof. If we exclude the point Ot, then the proof of Lemma 12.4.11 works for this case. Thus we 
suppose that P = Ot- Then Lyz Supp(L'); otherwise we would have a contradictory inequality 

3 1 
D ■ Lyz ^ multp(-D) > — . 



4 . 17 - ^ ^ ' 17 

By Lemma n. 3. 61 we may assume that Ry <f. Supp(L'). Put 

D = mLyz + cRx + ^, 

where m > and c ^ 0, and 0, is an effective Q-divisor whose support contains neither Lyz nor 
Rx- Then 

24 ^ „ / ^ „ ^\ „ 4m multot (D) — fn 3m + 1 
= D-Ry = {mLyz + cRx + n).Ry^ — + ^ > , 

and hence 

1 

m < -. 

5 

Then it follows from Lemma ll .3.81 that 

6 + 19m 1 
g.-^y = (-C - mLyz) ■ Lyz > — , 

and hence 

2 

19<"^- 



On the other hand, if c > 0, then 



6 2c 
P> ■ Lxt ^ cRx ■ Lxt = — ■ 



13-15 13 



Therefore, ^ c ^ ^. 
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Let tt: X ^ X he the weighted blow up at the point Ot with weights (6, 7). Let E be the 
exceptional curve of vr. Also we let Cl, Lyz and Rx be the proper transforms of fi, Lyz and Rx, 
respectively. Then 

~Q vr*(Kx) - ^E, Lyz ~Q 7r*(V) - ^E, Rx ~q vr*(i?,) - ^E, n ~q 7r*(0) - ^E, 

where a is a non-negative rational number. 

The curve E contains two singular points Qj and Qq of X. The point Q-/ is a singular point of 
type ^(1,3) and the point Qq is a singular point of type 1). Then the point Qj is contained 
in Rx but not in Lyz, on the other hand, Qq is contained in Lyz but not in Rx- We also see that 
Lyz n -Ra; = 0. The log pull back of the log pair (X, D) is the log pair 

4 + a + 7m + 6c 

This pair must have non-log canonical singularity at some point Q G E. Then 



X, Q + mLyz + cRx H — E 



o^Rx-n = Rx-n + ^E'-^''-^^'^^^^' « 



172 13-17 7-17' 

n<rr o - T n ^ P"^ - 6 + 19"^ - 8c « 
Os^ V-iJ + Yy2^ ^TIt ^Tl7' 

and hence ^ 84 — 13a + 126c — 91m and ^ 18 — 4a — 24c + 57m. In particular, we see that 
a ^ Then 4 + a + 7m + 6c < 17 since m| and c ^ ^. 

Suppose that the point Q is neither Qq nor Q7. Then the point Q must be located in the 
outside of Lyz and Rx- By Lemma ll.3.8l we have 

— = E^ = n-E>i, 

42 17 

and hence a > 42. This is a contradiction since a < Therefore, either Q = or Q = Q7. 
Suppose that Q = Qt- Then Q L^^. Hence, it follows from Lemma 11.3.81 that 

1 y 4 + a + 7m + 6c \ - 136 + 204c 
- ^ in + mLyx + — E j ■ Rx = -YTY^Tyf' 

and hence c > But c ^ ^. This is a contradiction. 

Finally, we suppose that Q = Qq. Then Q Rx- It follows from Lemma 11.3.81 that 

1 ^ ^ 4 + a + 7m + 6c \ - 34 + 85m 

- ^ 17 + cRx H E ■ Lyz = , 

6 V 17 y ^ 3 • 8 • 17 

and hence m > |. This contradiction completes the proof. □ 

Lemma 2.4.3. Let X be a quasismooth hypersurface of degree 35 in P(8, 9, 11, 13). Then 
lct(X) = 1. 

Proof. If we exclude the points Oz and Ot, then the proof of Lemma 12.4.11 works also for this 
case. 

Suppose that P = Oz- Then Lxt C Supp(D), since otherwise we would have an absurd 
inequality 

' D.Lxt>' 



9-11 11 
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We may assume that <f_ Supp(Z)) by Lemma [1.3.61 Put 

D = mL^t + cMy + Q, 

where m > and c ^ 0, and is an effective Q-divisor whose support contains neither L^t nor 
Ry. Then 

18 ^ „ / , „ 3m 2(multo,(-D) - m) m + 2 
-D-Rt= {mL^t + cRy + Q) ■ Rt ^ — + ^ ^f^^ ^ > 



8-11 . V y / . - -^^ 

and hence m < ^. Note that multo^(i?j) = 2. It fohows from Lemma 11.3.81 that 

6 + 14m , r \ T 1 

— — — = - mL^t) ■ L^t > 

Therefore, < m < j. On the other hand, if c > 0, then 



6 _ 3c 



13 ' 13 



and hence c ^ |. 

Let tt: X ^ X he the weighted blow up at the point Oz with weights (3,2). Let E be 
the exceptional curve of n and let Cl, L^t and Ry be the proper transforms of 57, L^.^ and i?^, 
respectively. Then 

~Q vr*(i^x) - ^E, L,t ~Q - ^E, Ry ~q 7r*(i?2,) - ^E, Q ~q 7r*(0) - ^E. 

where a is a non-negative rational number. 

The curve E contains two singular points Q2 and Q3 of X. The point Q2 is a singular point of 
type ^(1, 1). It is contained in Lxt but not in Ry. On the other hand, the point Q3 is a singular 
point of type |(2, 1). It is contained in Ry but not in Lxt- But Lxt Ci Ry = 0- 

The log pull back of the log pair {X, D) is the log pair 

— — — — 6 ~|~ Qi j Sttz ~|~ 2c 
X, + mLxt + ci?y H E 

which must have non-log canonical singularity at some point Q ^ E. We have 

^ 17 • i?y 

^ • L^j 

Then, a ^ i2+28m ^ w gjj^^g m < ;j. Also, we obtain 6 -|- o + 3m -|- 2c < 11 since c ^ ;|. 

Suppose that the point Q is neither Q2 nor Q^. Then Q Lxt U -Ry. By Lemma [1.3.41 we 
have 

a a 2 



18 + 6c 


m 


a 


11 • 13 


~ IT " 


~ 33' 


6 + 14m 


c 


a 


9 • 11 


~ IT 


~ 22 



—E-" = n-E>i, 



2-3 11 

and hence a > 6. This contradicts to the inequality a < Therefore, we see that either 
Q = Q2 01 Q = Q3. 
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Suppose that Q = Q2- Then Q ^ Ry. Lemma [1.3.81 shows that 

1 / 6 + a + 3m + 2c \ - 66 + 55m 
- < ( i7 + cRy H — E I • L^j - 



11 J 2 • 9 • 11 

and hence m > |. But m < j. This is a contradiction. 

Thus, the point Q must be Q3. Then Q L^t- It follows from Lemma 11.3.81 that 

1 j: 6 + a + 3m + 2c \ - 132 + 44c 

- < U7 + mL^t H E ] ■ Ry = . 

3 V 11 / 13-33 

Therefore, c > |. But we have seen c ^ |. The obtained contradiction shows that P ^ Oz- The 
point P must be the point Of Then Lyz <^ Supp(D) since otherwise we would have 

6 n r 1 

D ■ > 



8-13 ' 13 

By Lemma n. 3. 61 we may assume that Ry <f. Supp(L'). Put 

D = mLyz + cRx + f^, 

where m > and c ^ 0, and O is an effective Q-divisor whose support contains neither Lyz nor 



Rx- Then 



18 / 3m multn, m 2m + 1 
- D-Ry = {mLyz + cRx + ^)-Ryl^ — + > 



11-13 y V - y y - ;L3 13 13 

T_ 

22 



and hence m < X. On the other hand. Lemma 11.3.81 implies 



6 + 15m , T \ T 1 

= LL* — mLyz) ■ Lyz > — , 

8-13 ^ ^ 13' 

and hence ^ < m < Z^. Ifc>0, then 



15 ^ ^ 22- 

6 _ _ 2c 

^ — = D ■ Lxt = cRx ■ Lxt ^ — . 

Therefore, c ^ 

Let n: X ^ X he the weighted blow up at the point Ot with weights (5,2). Let E be 
the exceptional curve of vr. Let Q, Lyz and Rx be the proper transforms of 17, Lyz and Rx, 
respectively. Then 

6 - 2 - 5 - a 

Kx ~Q ■K*{Kx) - — -E^, Lyz ~(Q IT* (Lyz) - —E, Rx ~Q TT*{Rx) - — -E, ~Q 7r*(r2) - — 

where a is a non-negative rational number. 

The curve E contains two singular points and Q2 of X. The point Q5 is a singular point 
of type |(1, 1). It belongs to Lyz but not to Rx- The point Q2 is a singular point of type ^(1, 1). 
It belongs to Rx but not to Lyz- Note that Lyz H Rx = 0- 

The log pull back of the log pair {X, D) is the log pair 

F\ T fs 6 + a + 2m + 5c^ 
A , il + mLyz + cRx H — E 
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It must have non-log canonical singularity at some point Q ^ E. We have 

Therefore, 30 + 75m ^ 40c + 8a and 24 + 20c ^ 18m + 9a. In particular, we see that a ^ 
Then 6 + a + 2m + 5c < 13 since c ^ ^ and m ^ ^. 



12 + 10c 


m 


a 


9 • 13 


~ 13 ~ 


26' 


6 + 15m 


c 


a 


8 • 13 


~ 13 ~ 


65 



Suppose that Q ^ Q2 and Q ^ Q^. Then Q Ly^ U Rx- By Lemma ll.3.81 we have 

-e"^ = n- E > I, 



a 



10 13 

and hence a > 10. This is a contradiction since a < Therefore, the point Q is either the 
point Q2 or the point Q5. 

Suppose that Q = Q2. Then Q Lyz- It follows from Lemma 11.3.81 that 

1 ^ 6 + a + 2m + 5c \ - 78 + 65c 
- < m + mL„. H — E ■ R.r 



2 V 13 y 9-26 ' 

and hence c > |. However, c ^ Thus, the point Q must be Qs- Then Q ^ -Rx- Again, 
Lemma ll. 3. 81 shows that 

1 (fs ^3 6 + a + 2m + 5c \ - 78 + 91m 
- < + cRx H — E ■ L 



5 " V"" ' 13 ) ^'^ 5 • 8 • 13 ' 

1 — — d Tfi 

-<(f) + mLj,,).i?=- + -. 



Therefore, m > ^ and a + 2m > 2. In particular, ^ < m < 

Let '(/': X ^ X be the weighted blow up at the point with weights (1, 1). Let G be the 
exceptional curve of and let $7, Lyz^ Rx and be the proper transforms of 17, Ly^, Rx and i?, 
respectively. Then 

~Q V'*(i^x) - ^G, Lj,, ~Q - ^G, E ~Q - ^G, n ~Q r (f^) - ^G, 

where 6 is a non-negative rational number. 

The surface is smooth along G. The log pull back of (X, D) is the log pair 

T 6-|-a-|- 2m -|- 5c ~ 
X, n + mLy^ + cRx + — E + eG 

where 

15m + 45 + a + l3b + 5c 



65 

Then the log pair is not log canonical at some point O (z G. We have 

o^E.n = ^-K 
10 5 

? ^ 6 -|- 15m cab 

^ L„2 • = , 

^ 8-13 13 65 5' 
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and hence 30 + 75m ^ 8(a + 136 + 5c) and a ^ 26. In particular, we obtain 
^ 15m + 45 + a + 136 + 5c 195m + 390 195 • 7 + 390 • 22 

^ ^ ^ < 1 



65 8-65 8 -22 -65 



since m ^ 



Suppose that O ^ E U Lyz- Then it fohows from Lemma 11.3.81 that 

6 = --^G^ = j7 • G > 1. 
5 



However, this gives an absurd inequahty 104 < 1046 ^ 30 + 75m — 8a — 40c ^ 30 + 75m < 104 
since m ^ Therefore, O E £^ U Lyz- Note that E n Lyz = 0. 
Suppose that O S Lyz- Then it follows from Lemma 11.3.81 that 



/,=^ f. 6 + a + 2m + 5c ~ ~ ,~ ^ . ~ 3m + 6 

l<{VL + cR^ + E + OG) ■ Ly, = {n + 9G) ■ Lyz = — - — , 

io o 
and hence m > |. But m ^ ^. Thus, we see that O ^ E. Lemma [1.3.81 implies that 

, „ 6 + a + 2m + 5c ~ \ ^ , 6 + a + 2m + 5c 
1 < H E -G = b + 



13 J 13 

i<{n + eG)-E = ^-l + e. 

10 5 

Therefore, we obtain 136 + a + 2m + 5c > 7 and 3a + 2c + 6m > 8. 

Let (j): X ^ X he the blow up at the point O. Let F be the exceptional curve of (j). Let Cl, 
Lyz, Rx, E and G be the proper transforms of 17, Lyz, Rx, E and G, respectively. Then 

~Q r (i^x) + F, G ~Q 0*(G) -F, E^Q ^*iE) - F, ~q cp*{^) - dF, 
where d is a non-negative rational number. The log pull back of {X, D) is the log pair 

I (J, I 27TX I \ 

X, n + mLyz + cR^ + — E + 9G + uFj , 

where 

65d + 25m + 6a + 136 + 30c + 10 
u = 



65 

It is not log canonical at some point A F. We have 

o<^E.n = ^-^-d, 

lU 5 
Oi^G-n = b-d, 
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and hence b ^ d and a ^ 2b + lOd. In particular, 

65d + 25m + 6a + 136 + 30c + 10 

" = 65 

_ 13(5d + 6) + 25m + 6a + 30c + 10 

~ 65 
5a + 10m + 12c + 4 

26 

^ 6 + 8c ^ 

since we have 24 + 20c ^ 18m + 9a and c ^ 

Suppose that A ^ E U G. Then Lemma 11.3.81 shows that d = Q ■ F > 1. This is impossible 
since 

240 

lOd ^ a - 26 < a ^ . 

77 

Thus, we see that Ae EUG. Note that EnG = 0. 

Suppose that A ^ E. Then it follows from Lemma 11.3.81 that 

^-^-d + v=i^ + uF)-E>l, 
10 5 ' 

which implies that 5a + 10m + 12c > 22. However, this inequality with 24 + 20c ^ 18m + 9a 
gives 

-(22 - 12c) < -(5a + 10m) ^ 24 + 20c, 
5 5 

and hence | < c. But c ^ Thus, the point A cannot belong to E. Then A ^ G. By 
Lemma 11.3.81 we see that 

b-d + v={(l + vF)-G>l, 
and hence 6a + 25m + 30c + 786 > 55. But 

55 < 25m + 6a + 786 + 3c = 25m + ^(8a + 1046 + 40c) ^ 25m + ^(30 + 75m) < 55 

since 8a + 1046 + 40c ^ 30 + 75m and m ^ The obtained contradiction completes the 
proof. □ 

Lemma 2.4.4. Let X be a quasismooth hypersurface of degree 12n + 35 in P(9, 3n + 8, 3n + 
11, 6n + 13) for n ^ 1. Then lct(X) = 1. 

Proof. The surface X can be defined by the equation 

zH + y^z + xt^ + = 0. 

It is singular only at the points Ox-, Oy, Oz and Ot- 

The curve Cx (resp. Cy, Gz, Gt) consists of two irreducible and reduced curves Lxz (resp. Lyt, 
Lxz, Lyt) and Rx = {x = zt + y^ = 0} (resp. Ry = {y = z^+xt = 0}, Rz = {z = t^+^^+^y = 0}, 
Rt = {t = y'^z + 2;"+^ = 0}). These two curves intersect at the point Ot (resp. Ox, Oy, Oz)- 
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It is easy to see that lct{X, |C^) = 1 is less than each of the numbers 

"^'(■^•srr^'^-''' '"'<^'S7Tir'^=>' "^''^-sttb^''- 

We have the fohowing intersection numbers. 

6 2 18 

-Lxz ■ Kx = — , — TTTTi ~^yt • Kx = TTTT. — TTTi ' Kx 



(3n + 8)(6n + 13) ^ 3(3n + 11) (3n + ll)(6n + 13) ' 



3(6n + 13)' 3(3n + 8)' (3n + 8)(3n + 11) ' 

6n + 13' ^ ^ 9 3n + 8' ^ 3n + ll' 

2 _ 9n+15 2 _ 3n + 14 2_ 9n + 6 

~ ~(3n + 8)(6n + 13)' ~ ~9(3n + ll)' ^ ~ ~ (3n + ll)(6n + 13) ' 

2__ 6n+10 p2_ 6n + 4 (n + 3)(3n + 5) 



9(6n + 13)' ^ 9(3n + 8)' * (3n + 8)(3n + 11) ' 
Now we suppose that lct(X) < 1. Then there is an effective Q-divisor D —Kx such that 
the log pair {X, D) is not log canonical at some point P £ X. 

By Lemma 11.3.61 we may assume that Supp (D) does not contain either the curve Lyt or the 
curve Ry. Since these two curves intersect at the point Ox, the inequalities 

1 

3(3n+ 11) " 9' 



LyfD = — — < -, 



RyD = — — < - 

^ 3(6n + 13) 9 

show that the point P cannot be the point Ox- 

By Lemma 11.3.61 we may assume that Supp(L') does not contain either the curve Lxz or the 
curve Rz- Therefore, one of the following inequalities must hold: 

6 

multo,(Z?) ^ (3n + 8)Lxz ■ D = < 1, 

on + 13 

multo,p)^^i?.-I) = | 

Therefore, the point P cannot be the point Oy. 

Suppose that P = Oz- If Lyt <f. Supp(Z)), then we get an absurd inequality 

6 . „ 1 



LyfD> 



9(3n + ll) ^ 3n + ll 

Therefore Supp(D) must contain the curve Lyt. By Lemma 11.3.61 we may assume that Mt ^ 
Supp {D). Put D = fiLyt + r^, where il. is an effective Q-divisor whose support does not contain 
the curve Lyt. Then 

6(n + 3) n r ^ , (multp(Z)) - /x)multp(i;f ) ^ /i(n + 3) , 2(1-^) 
- D Rt^ fiLyt ■ Rt + , -II > , 11 + 



(3n + 8)(3n + 11) ^ r- ^ 3n + 11 3n+ll 3n+ll 
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and hence 

2 

(3n + 8)(n + l)- 

On the other hand, Theorem 11.3.31 shows 

1 ,o , _n T r2 _ 6 + M3n+14) 

It imphes g^jj^j^^ < /i. Consequently, the point P cannot be the point Oz- 

Suppose that P = Ot- Since Lxz ■ D < q^^i^ , the curve Lxz must be contained in Supp(I?). 
Then, we may assume that Rx ^ Supp (D). Put D = fj,Lxz + ^, where is an effective Q-divisor 
whose support does not contain the curve Lxz- Then 

-».H.»,A„.H.+ "'"'M°.'-'' > ^^^^ 



(3n + ll)(6n + 13) ^ - -^^ ^ 6n + 13 6n + 13' 

and hence 

7-3n 

^ < 



6n + 22 

However, Theorem 11.3.31 imphes 



< Q ■ Lxz — L) ■ Lxz ~ l-i-Lx 



6n + 13 ^ (3n + 8)(6n + 13)' 

and hence g^^^-^^ < /i. This is a contradiction. Therefore, the point P cannot be the point Of. 

Write D = aLxz + bRx + A, where A is an effective Q-divisor whose support contains neither 
Lxz nor Rx- Since the log pair {X,D) is log canonical at the point Ot, we have ^ a, 6 ^ 1. 
Then by Theorem 11.3.31 the following two inequalities 

, A\ r T \ T 6 + a(9n + 15) 

{bRx + A • Lxz = {D- aLxz) ■ Lxz = ,^ ^ ^ ' < 1, 

(3n + 8)(6n + 13) 

{aLxz + A)-Rx = {D- bRx) • Rx = .^^^^^J'.f.'"^ < 1 

(3n + ll)(6n + 13) 

show that the point P cannot belong to the curve Cx- By the same way, we can show P ^ 

CyUCzUCt. 

Consider the pencil £ defined by the equations Xxt + /xz^ = 0, [A : /i] G P-*^. Note that the 
curve Lxz is the only base component of the pencil C There is a unique divisor Cq, in C passing 
through the point P. This divisor must be defined an equation xt + az'^ = 0, where a is a 
non-zero constant, since the point P is located in the outside of U U Ct- Note that the 
curve Ct does not contain any component of Cq. Therefore, to see all the irreducible components 
of Ca, it is enough to see the affine curve 



X + az =0 



C = Spec(c[x,y,. 



[z'^ + y^z + x + x"-+^y = 
This is isomorphic to the plane affine curve defined by the equation 

z{{l - a)z + y^ + (-a)"+3yz2n+5| ^ q ^ ^ Spec(c[y 
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Thus, if a 7^ 1, then the divisor consists of two reduced and irreducible curves L^-z and Z^. 
If a = 1, then it consists of three reduced and irreducible curves Lxz^ Ry, R- Moreover, Zq, and 
R are smooth at the point P. 

Suppose that a ^ 1. Then we have 

^ ^ 2(24n + 61) 

" 3(3n + 8)(6n + 13)' 

Since Za is different from Rx, 

Zn = Cq. • Za — Lxz ■ Zq, ^ Cq. • Zq, — {Lxz + Rx) ' Za = T L) ■ Za > 0. 



Put D = eZa + H, where H is an effective Q-divisor such that Za ^ Supp(H). Since the pair 
{X, D) is log canonical at the point Ot and the curve Za passes through the point Ot, we have 
e ^ 1. But 

{D - eZa) ■Za^D.Za= ^,^ " ^ ^^^^ . < 1 

3(3n + 8)(6n + 13) 

and hence Lemma 11.3.81 implies that the point P cannot belong to the curve Za- 
Suppose that a = 1. We have 

^ 6(2n + 5) 

(3n + 8)(6n + 13)' 

Since i? is different from Rx and L^j, 
2 3n + 5 

i? = Ca ■ R — Lxz ■ R — Ry ■ R ^ Ca ■ R — {Lxz + -^a;) ' " {Lyt + -Rj/) ' R = D ■ D > 0. 

Put D = eiR + H', where H' is an effective Q-divisor such that R ^ Supp(H'). Since the curve 
R passes through the point Ot at which the pair {X, D) is log canonical, ei ^ 1. Since 

iD-e,R)-R^D.R = —^^±^<l, 

{3n + 8) (on + 13) 

Lemma 11.3.81 implies that the point P cannot belong to R. □ 
Part 3. Sporadic cases 

3.1. Sporadic cases with 1 = 1 
Lemma 3.1.1. Let X be a quasismooth hypersurface of degree 10 in P(l, 2, 3, 5). Then 

{1 if Cx has an ordinary double point, 
7 
— if Cx has a non-ordinary double point. 

Proof. The surface X is singular only at the point Oz- The curve Cx is reduced and irreducible. 
Moreover, we have 

1 if the curve Cx has an ordinary double point at the point Oz, 

lct(X,C^) = { 7 

' — if the curve Cx has a non-ordinary double point at the point Oz- 
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Suppose that lct(X) < lct(X, C^)- Then there is an effective Q-divisor D ~(Q —Kx such that 
the log pair {X,D) is not log canonical at some point P £ X. By Lemma 11.3.61 we may assume 
that the support of D does not contain the curve C^- Also Lemma 11.3.91 shows that P £ Cx- 
However, we obtain absurd inequalities 

^ (m.ultp{D) > 1 if P/O^, 

- = D-Cx> I multp(L') 1 



> - if P = O^. 
3 3 



Therefore, let {X) = let {X, C^) . □ 

Lemma 3.1.2. Let X be the quasismooth hypersurface defined by a quasihomogeneous poly- 
nomial f{x, y, z, t) of degree 15 in P(l, 3, 5, 7). Then 

' 1 if f{x,y,z,t) contains yzt, 



lct{X) 



— if f(x, y, z, t) does not contain yzt. 
K 15 



Proof. The surface X is singular only at the point Ot. The curve Cx is reduced and irreducible. 
It is easy to check 

1 if /(x, y, z, t) contains yzt. 



mx,Cx) 



— if fix, y, z, t) does not contain yzt. 
15 



The proof is exactly the same as the proof of Lemma I3.1.1[ The contradictory inequalities 

^ rmultp(Z)) > 1 iiP^Ot, 

- = D - Cx^ I multpfZ?) 1 

7 [ 7>7 -^iP = Ot. 

complete the proof. □ 

Lemma 3.1.3. Let X be a quasismooth hypersurface of degree 16 in P(l, 3, 5, 8). Then \ct{X) = 
1. 

Proof. The surface X is singular only at the points Oy and O^. The former is a singular point 
of type ^(1, 1) and the latter is of type ^(1, 1). 

The curve Cx consists of two distinct irreducible curves Li and L2. It is easy to see that 
lct(X,C,) = 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~(Q) —Kx such that the log 
pair (X, D) is not log canonical at some point P £ X. By Lemma [1.3.6l we may assume that the 
support of D does not contain the curve L\ without loss of generality. Moreover, Lemma 11.3.91 
implies P £ Cx. 

We have 

D ■ Li = D ■ L2 = 

15' 

and Li n L2 = {Oy, Oz}- We also have 

_n _r, 7 8 
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Since 5D ■ Li = |, the point P cannot belong to Li. Therefore, the point P is a smooth point 
on L2. Put 

D = mL2 + 0,, 

where Q is an effective Q-divisor such that L2 Supp(r2). Since the log pair {X,D) is log 
canonical at Oy, we must have m ^ 1. Then it follows from Lemma ll.3.81 that 

l<n-L2 = {D- mLa) • L2 = 
This gives us m > 2. This is a contradiction. Consequently, lct(X) = 1. □ 

Lemma 3.1.4. Let X be a quasismooth hypersurface of degree 18 in P(2,3,5,9). Then 

( 2 \i Cy has a tacnodal point, 
lct(X) = <j u 

y 

Proof. The surface X is singular at the point Oz- This is a singular point of type ^(1,2). The 
surface X also has two singular points Oi and O2 that are cut out by the equations x = z = {). 
These are of type |(1, 1) on the surface X. 

The curves Cx and Cy are reduced and irreducible. The curve Cy is always singular at the 
point Oz- We can see lct(X, C^^) = 1 and 

3 

— if Cy has a tacnodal singularity at the point Oz, 



— if Cy has no tacnodal points. 



\ci{X, Cy) = < 

Therefore, if Cy has a tacnodal singularity at the point Oz, then 



— if Cy has a non-tacnodal singularity at the point Oz 



2 = let ( X, ic,.") <lct U,^C^ 



If Cy has a non-tacnodal singularity at the point Oz, then 

2 = let {x, ^C.) > let (x, ^Cy^ = ^. 
Let e = min {let {X, ^C^) , let {X, \Cy)]. Then lct(X) ^ e. 

Suppose that lct(X) < e. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair {X, eD) is not log canonical at some point P ^ X. By Lemma 11.3.61 we may assume that 
the support of the divisor D contains neither the curve Cx nor the curve Cy. 

The inequalities 

multo,(eZ)) ^ |multo,(P')multo,(Cy) ^bD-Cy = l 

imply that the point P cannot be the point Oz. If the point P is a smooth point on Cy, then 
we have obtain a contradictory inequalities 

\ = D-Cy-^Tim\tp > - ^ \. 
Therefore, the point P is located in the outside of the curve Cy. 
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Suppose that P ^ C^- Then we obtain the fohowing contradictory inequahties 
2 



15 



multp(Z))>i if PGX\Sing(X), 



ijmltp(D) 1 

'> - if P = Oi or P = 02. 



3 6 

Therefore, P C^. U Cy. Then P is a smooth point. There is a unique curve C in the pencil 
I — 5Kx\ passing through the point P. The curve C is a hypersurface in P(l,2,3) of degree 6 
such that the natural projection 

C — ^P(l,2) ^P^ 

is a double cover. Thus, we have multp(C) ^ 2. In particular, the log pair {X, |C) is log 
canonical. Thus, it follows from Lemma 11.3.61 that we may assume that the support of the 
divisor D does not contain one of the irreducible components of the curve C. Then 

- = D -C ^multp{D) > - 
3 2 

in the case when C is irreducible (but possibly non-reduced). Therefore, the curve C must be 
reducible and reduced. Then 

C = Ci + C2, 

where Ci and C2 are irreducible and reduced smooth rational curves such that 

^1 — ^2 — Ol • G2 — -. 

Without loss of generality we may assume that P £ Ci. Put 

D = mCi + 0, 

where VL is an effective Q-divisor such that Ci ^ Supp(ri). If m ^ 0, then C2 ^ Supp(r2) and 

- = D-C2 = (mCi + n)-C2^ mCi • C2 = — , 
2 

and hence m ^ |. Thus, it follows from Lemma 11.3.81 that 

1 -j_ 4171 1 1 

= ( - mCi ) • Ci = 17 . Ci > - ^ ^ . 
e 2 

Therefore, m > ^. But m ^ |. Consequently, lct(X) = e. 

□ 

Lemma 3.1.5. Let X be a quasismooth hypersurface of degree 15 in P(3, 3, 5, 5). Then \ct{X) = 
2. 

Proof. The surface X has five singular points Oi, . . . , O5 of type |(1, 1). They are cut out by 
the equations z = t = 0. The surface also has three singular points Qi,Q2,Q3 of type |(1, 1). 
These three points are cut out by the equations x = y = 0. 

Let Ci be the curve in the pencil | — 3Kx\ passing through the point Oi, where i = 1, . . . , 5. 
The curve d consists of three reduced and irreducible smooth rational curves 



Ci — L\ + L2 + L 
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The curve L* contains the point Qj. Furthermore, PI H L| = {Oj}. We see that 

1 -2 7 • ■ 1 

where j ^ k. 

Note that lct(X,Ci) = |. Thus lct(X) ^ 2. 

Suppose that lct(X) < 2. Then there is an effective Q-divisor D ~q —Kx such that the log 
pair {X,2D) is not log canonical at some point P £ X. Then, multp(Z)) > ^. 

Suppose that P Ci U C2 U C3 U C4 U C5. Then P is a smooth point of X. There is a unique 
curve C € | — 3ifx| passing through point P. Then C is different from the curves Ci, . . . , C5 and 
hence C is irreducible. Furthermore, the log pair (X, C) is log canonical. Thus, it follows from 
Lemma ll. 3. 61 that we may assume that C (f. Supp(-D). Then we obtain an absurd inequality 

^ = D-C^multp(D) > ^, 

since the log pair (X, 2D) is not log canonical at the point P . Therefore, P E C1UC2UC3UC4UC5. 
However, we may assume that P without loss of generality. Furthermore, by Lemma [1.3.6l 
we may assume that L\ (f_ Supp(D) for some i = 1, 2, 3. 
Since 

the point P cannot be the point 0\. 

Without loss of generality, we may assume that P G L} . 

Let Z be the curve in the pencil | — 'oKx \ passing through the point Q\. Then 

Z = Zi+Z2 + Z3 + Z4 + Z5, 

where is a reduced and irreducible smooth rational curve. The curve Zi contains the point 
Oi. Moreover, ZinZ2nZ3nZ4nZ5 = {Qi}. It is easy to check let (X, Z) = |. By Lemma ll.3.61 
we may assume that (f_ Supp(D) for some /c = 1, . . . , 5. Then 

^ = 5Z)-Zfc^multQ,(Z)), 

and hence the point P cannot be the point Q\. 
Thus, the point P is a smooth point on L\. Put 

D = raL\ + VL, 

where is an effective Q-divisor such that L\ ^ Supp(O). If m 7^ 0, then 

1 = D . = {niL\ + ^) ■ L] ^ mL\ ■L} = j, 
and hence m ^ -g. Then it follows from Lemma 11.3.81 that 

'-±^={D-mL\)-L\=n-L\>'-. 

This implies that m > But m ^ ^. The obtained contradiction completes the proof. □ 

Lemma 3.1.6. Let X be a quasismooth hypersurface of degree 25 in P(3, 5,7, 11). Then 
lct(X) = fi. 
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Proof. The curve is irreducible and reduced. It is easy to see that lct(X, ^Cx) = There- 
fore, lct(X) ^ §. 

Suppose that lct(X) < Then there is an effective Q-divisor D ~(Q —Kx such that the log 
pair {X, j^D) is not log canonical at some point P & X. We may assume that the support of D 
does not contain the curve by Lemma ll.3.61 

Since H^{¥,Op{21)) contains x'^ ,x'^y^, z"^, by Lemma ll.3.91 we have 

, 21-25 10 

^ FsTtTTT < 21 

if P is a smooth point in the outside of the curve Cx- Thus, either P = Ox or P € Cx- 
If P G Cx, then we obtain a contradictory inequalities 



1^ = D-Cx^ { 
77 



multp(D)multp(C7^) = multp(Z)) > if P G X \ Sing(X), 

multp(P>)multp(C^.) _ multp(P)) 10 .r p _ n 
7 ~ 7 > 147 

multp(i:>)multp(C:,) 2multp(P») 20 

> it P — Of. 



11 11 231 

Therefore, we see that P = Ox- 

Since the curve Cy is irreducible and the log pair (X, \Cy) is log canonical at the point Ox, 
we may assume that the support of D does not contain the curve Cy. Then 

lO^multo.(D) lo' 
63 3 ^ 231 63 

This is a contradiction. □ 

Lemma 3.1.7. Let X be a quasismooth hypersurface of degree 28 in P(3, 5,7, 14). Then 
lct(X) = |. 

Proof. The surface X is singular at the point Ox and the point Oy. The former is a singular 
point of type i(l, 1) and the latter is of type ^(1, 2). Let Oi and O2 be the two points cut out 
on X by the equations x = y = 0. The points Oi and O2 are singular points of type y(3, 5) on 
the surface X. 

The curve Cx consists of two reduced and irreducible smooth rational curves Li and L2. These 
two curves intersect each other only at the point Oy. Each curve Lj contains the singular point 
Oi. We have 

1 2 2 2 11 

-Kx-U = -, L,-L2 = -, L, = L, = --. 



Since lct(X,(7^) = |, lct(X) ^ |. 

Suppose that lct(X) < |. Then there is an effective Q-divisor D ~(q —Kx such that the log 
pair (X, Id) is not log canonical at some point P G X. 

If P is a smooth point in the outside of Cx, then 

1 /^N 588 4 
-ltp(Z)) ^ ^ < - 

by Lemma 11.3.91 since H^{¥,Of>{21)) contains x'^ , ,x'^y^ . Therefore, either P belongs to the 
curve Cx or P = Ox. 
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By Lemma 11.3.61 we may assume that Lj (f_ Supp(L') for some i = 1,2. Similarly, we may 
assume that Cy ^ Supp(D) since (X, Cy) is log canonical and the curve Cy is irreducible. 
The inequalities 

multo.(Z))^3Z)-Cj, = ^<^ 

show that the point P cannot be the point O^. Therefore, the point P belongs to the curve C^- 
The inequalities 

multo,(I?) ^hD-U = \^<^ 

show that the point P cannot be the point Oy. 

Without loss of generality, we may assume that P ^ L\. Put D = mLx + $7, where is an 
effective Q-divisor such that L\ Supp(ri). If m 7^ 0, then 

1 2m 
— = D ■ L2= (mLi + 17) • L2 ^ mLi ■ L2 = -— , 
35 5 

and hence m ^ jj. Then Lemma 11.3.81 implies an absurd inequality 



5 1 + IIttt. 

— > = (D - mLi) • Li = J7 • Li > < 

98 35 ^ ^ ' 



- if P / Oi, 
9 ^ 

4 

— if P = Oi. 
63 



The obtained contradiction completes the proof. □ 

Lemma 3.1.8. Let X be a quasismooth hypersurface of degree 36 in P(3, 5, 11, 18). Then 
lct(X) = %. 

Proof. The surface X is singular at the points Oy and Oz- It is also singular at two points Pi 
and P2 on the curve Lyz. These two points Pi and P2 are contained in Cy. 

The curve Cx is irreducible and reduced. It is easy to see that lct(X, ICx) = fg. Also, the 
curve Cy is always irreducible and the pair {X, ^j^Cy) is log canonical. We see that lct(X) ^ ji. 

Suppose that lct(X) < |i. Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, j^D) is not log canonical at some point P € X. By Lemma ll.3.6l we may assume that 
the support of D contains neither the curve Cx nor Cy. 

Then the following inequalities 

1 ^ 5- 3-36 10 

multo (D i^5D-Cx = < — , 

multo {D) ^ IID ■ Cx = ^^"^'^^ < -, 
^ 3- 5- 11 -18 21' 

multp (Z?) ^2,D-Cy= ^'^'^^ < -, 
^ ^ 3-5 -11 -18 21' 

show that the point P is a smooth point P on X. Furthermore, the first two inequalities also 
show that the point P cannot belong to the curve Cx- Therefore, the point P is a smooth point 
in the outside of the curve Cx. 

However, since H^(F,Op{39)) contains x^^,x'^y^,x'^z^, by Lemma 11.3.91 we have 

10 , 36-39 10 

— < multpfL*) ^ < — . 

21 ^ ^ 3 • 5 • 11 • 18 21 
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The obtained contradiction completes the proof. □ 

Lemma 3.1.9. Let X be a quasismooth hypersurface of degree 56 in P(5, 14, 17, 21). Then 
lct(X) = f . 

Proof. The surface X is singular at the points Ox, Oz and Ot- The first point is a singular point 
of type ^(2, 1), the second of type 17(7, 2), the last of type ^(5, 17). There is one more singular 
point O of type y(5,3) on Lxz that is different from the singular point Ot- 

The curve Cx (resp. Cy) consists of two reduced and irreducible curves Lxy and (resp. 
Ry). The curve Lxy intersects the curve Rx at the point Oz- The curve Rx is singular at the 
point Oz- On the other hand, it intersects the curve Ry at the point Ot- The curve Ry is singular 
at Ot- We have 

357' ^-y^--ir^ ng' ^-y^y-j^ 

It is easy to check lct(X, C^^) = | and lct{X, Cy) = |, and hence lct{X) ^ ^. 

Suppose that lct(X) < Then there is an effective Q-divisor D ~(Q —Kx such that the log 
pair {X, ^D) is not log canonical at some point P G X- By Lemma 11.3.61 we may assume that 
either the support of the divisor D does not contain the curve Lxy or it contains neither Rx nor 

Ry- 

Suppose that P ^ Cx U Cy- Then P is a smooth point and 

multp(i^) < - < - 

by Lemma 11.3.91 since the natural projection X --^ P(5, 14, 17) is a finite morphism outside 
of the curve Cy and H^(F,Op{85)) contains monomials x^'^ , , x^y^ . This is a contradiction. 
Thus, the point P must belong to U Cy. 

The curve Cz is irreducible and the log pair {X, -^^Cz) is log canonical. By Lemma [1.3.61 we 
may assume that Cz {Z! Supp(-D). Then 

A>l = 5Z).C,^multo.(D), 

and hence the point P cannot be Ox- 

Suppose that P G Lxy. Put D = mLxy + fi, where is an effective Q-divisor such that 
Lxy <f- Supp(r2). If m / 0, then 

1 2m 
— = D ■ Rx= {mLxy + ^) ■ Rx ^ mLxy ■ Rx = -yf'> 

and hence m ^ Then it follows from Lemma 11.3.81 that 

iiP = Ot, 



14- 

( 



1 + 37m T \ T — or ; 

— \J-' ~ mLxy) • Lxy — \l • Lxy > < 



525 

— if P = 
425 



— if P / and P / Ot. 
This implies m > But m ^ The obtained contradiction implies that P Lxy 
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Suppose that P G Rx- Put D = aR^ + T, where T is an effective Q-divisor such that 
Rx (t Supp(T). If a 7^ 0, then 

1 2fl 

= ^ ' ^xy = {o-Rx + T^) ■ Lxy ^ aLxy ' Rx = — ) 

and hence a ^ ^ . Then it follows from Lemma 11.3.81 that 

[D - aRx) ■Rx = T-Rx>< 



42' 

l + 9a 



119 



if P = O, 

175 

— if P / O. 

25 ^ 



This is impossible because a ^ Thus, we see that P ^ Cx- 

We see that P € Ry and P e X \ Sing(X). Put D = hRy + A, where A is an effective 
Q-divisor such that Ry ^ Supp(A). If 6 / 0, then 

— = D ■ Lxy = {hRy + A) • Lxy ^ bLxy ■ Ry = -, 

and hence 6 ^ Then it follows from Lemma 11.3.81 that 

1 + 96 



35 ,D-bRy)-Ry = A-Ry>-. 

This is impossible because 6 ^ The obtained contradiction completes the proof. □ 

Lemma 3.1.10. Let X be a quasismooth hypersurface of degree 81 in P(5, 19, 27, 31). Then 
lct(X) = f . 

Proof. The curve Cx is irreducible and reduced. Moreover, the curve Cx is smooth outside of 
the singular locus of the surface X . It is easy to see that lct(X, iC^) = f . Hence, we have 
lct(X) ^ ^. The curve Cy is irreducible and reduced. The log pair {X, jgCy) is log canonical. 

Suppose that lct(X) < Then there is an effective Q-divisor D —Kx such that the 
pair {X, ^D) is not log canonical at some point P & X. We may assume that the support of D 
contains neither Cx nor Cy by Lemma ll.3.6[ 

The inequality 

SID .Cx = -<- 
19 25 

shows that the point P cannot be on the curve Cx- On the other hand, the inequality 

y 31 25 

shows that the point P cannot be on the curve Cy. In particular, the point P cannot be the 
point Ox. 

Therefore, the point P must be a smooth point in the outside of Cx- However, Lemma ll.3.91 
implies 

, 190-81 6 

^ 5-19-27-31 < Y5 

since H^{F,Op{190)) contains x^^ , x^^ z,y^^ . This is a contradiction. □ 
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Lemma 3.1.11. Let X be a quasismooth hypersurface of degree 100 in P(5, 19, 27, 50). Then 
lct(X) = f . 

Proof. The surface X is singular at the points Oy and Oz- Also, it is singular at two points Pi 
and P2 on Ly^. The point Oy is a singular point of type ^7,(2,3) on X. The point Oz is of type 
^(5, 23). The last two points are of type ^(2, 1). 

The curve Cx is irreducible and reduced. It is easy to see that lct{X, ^Cx) = f . Therefore, 
lct{X) ^ ^. The curve Cz is irreducible and reduced. The log pair (X, ^^Cz) is log canonical. 

Suppose that lct(X) < Then it follows from Lemma 11.3.61 that there is an effective Q- 
divisor D ~q —Kx such that Cx,Cz ^ Supp(£') and the pair {X, ^D) is not log canonical at 
some point P £ X. 

The inequality 

27D ■ Cx = — < — 
19 25 

shows that the point P cannot be on the curve Cx- On the other hand, the inequality 

5D-Cz = -<- 
19 25 

shows that the point P cannot be on the curve Cz- In particular, the point P can be neither 

the point Pi nor the point P2- 

Consequently, the point P must be a smooth point in the outside of Cx- However, 
rO/ip n^fn7r\\\ ^^i^+o^vic. ^54 ^16, ,10 ^10 



i7"(P,Op(270)) contains X ,x y , z - Then, Lemma 11.3.91 implies a contradictory inequality 

6 , , 270 • 100 6 

— < multp(D) ^ < — . 

25 ^ ^ 5- 19 -27 -50 25 

□ 

Lemma 3.1.12. Let X be a quasismooth hypersurface of degree 81 in P(7, 11, 27, 37). Then 
49 
12- 



lct(X) = f . 



Proof- The surface X is singular only at the points Ox, Oy and Ot- 

The curve Cx is irreducible and reduced. It is easy to see that lct{X, jCx) = ||, and hence 
lct{X) ^ ||. The curve Cy is irreducible and reduced. Moreover, the log pair {X, j^^Cy) is log 
canonical. 

Suppose that lct(X) < y|. By Lemma [1.3.61 there is an effective Q-divisor D ~Q) —Kx such 
that the support of D contains neither the curve Cx nor the curve Cy, and the log pair {X, H-D) 
is not log canonical at some point P € X. 

The three inequalities 

3 12 
11P> • = — < — , 
37 49' 

^ 37 49 

multo^d^) = "^^^lto.(Z^)multo.(C.) ^ 37 ^ ^ ^ 12 
ut\ J 3 ^ 3 11 49 

show that the point P is a smooth point in the outside of Cx- 
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However, since H^{F,Op{189)) contains x^'', x^^y"^, z'', Lemma 11.3.91 implies an absurd in- 
equalities 

12 , 189-81 12 

— < muItp(D) ^ < — . 

49 ^ ^ 7- 11 •27- 37 49 

Therefore, lct(X) = □ 

Lemma 3.1.13. Let X be a quasismooth hypersurface of degree 88 in P(7, 11, 27, 44). Then 
lct(X) = f . 

Proof. The surface X is singular at the points Ox and Oz- The former is a singular point of 
type y(3, 1) and the latter is of type ^(11,17). The surface is also singular at the points Oi 
and O2 on L^z- They are of type jj{7, 5). 

The curve Cx consists of two smooth rational curves Li and L2. Each curve Li contains the 
singular point Oj. The curves Li and L2 intersects each other only at the point Oz- We have 

1 2 297 27 
It is easy to check lct(X, ^Cx) = Meanwhile, the curve Cy is irreducible and reduced. Also, 
the log pair {X, ||Cy) is log canonical. 

Suppose that lct(X) < Then there is an effective Q-divisor D —Kx such that the log 
pair {X, ^D) is not log canonical at some point P G X. By Lemma 11.3.61 we may assume that 
the support of D contains neither Cy nor L2 without loss of generality. 

The inequality 

27D . L2 = — < — 
11 35 

shows that the point P is located in the outside of L2. The inequality 

2 8 
7D - Cy = — < — 
^ 27 35 

implies that the point P cannot be Ox- Write 

D = mLi + $7, 

where is an effective Q-divisor such that Li (t Supp(O). If m 7^ 0, then 

1 ^fn 
— = D-L2 = {mil + 17) • L2 ^ mLi ■ L2 = — , 

and hence m ^ Then 

. X . l + 37m 3 s 
(D - mil) ■ Li = ^ < 



297 484 35-11' 

and hence Lemma 11.3.81 implies that the point P cannot be on the curve Li- Therefore, the 
point P is a smooth point in the outside of Cx- However, Lemma 11.3.91 shows 

2 8 

umltp(D) ^ — < — 
^ ^11 35 

since H^{F,Op{189)) contains monomials x^"^, z'^, x^^y'^. This is a contradiction. □ 
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Lemma 3.1.14. Let X be a quasismooth hypersurface of degree 60 in P(9, 15, 17, 20). Then 
lct(X) = f . 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

xz^ + x^y - y'^ = 0. 

Note that the surface X is singular at Ox and ■ It is also singular at the point Pi = [1 : 1 : : 0] 
and the point P2 = [0 : 1 : : 1]. 

The curves Cx, Cy, and Cz irreducible and reduced. We have 

lct(X,^C,) = ^, lct(X, ^Cj,) = 10, lct(X, = 17. 

The curve Cx is singular at the point Oz with multiplicity 3. 

Suppose that lct(X) < Then there is an effective Q-divisor D —Kx such that the 
pair {X, ^-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of D contains none of the curves Cx, Cy, Cz- 

The three inequalities 

17^ ^ 17- 9 -60 4 

-D-Cx = ^ ^ ,^ < 



3 3-9-15-17-20 21 

^2/ 



^ 9 -15 -60 4 

■ C„ = < — , 

"•15 -17 -20 21' 



3 • 17 • 60 4 

3D-Cz = < — 

9 -15 -17 -20 21 

imply that the point P is located in the outside of Cx D Cy L) Cz- 
Let C be the pencil on X that is cut out by the equations 

Xz^ + fj.x'^y = 0, 

where [A : /x] G P^. Then the base locus of the pencil £ consists of the points P2 and Ox- Let 
C be the unique curve in C that passes through the point P. Then C is cut out on X by an 
equation 

4 s 
X y = az , 

where a is a non-zero constant, since the point P is located in the outside of Cx D Cy L) Cz- 

The curve C is smooth outside of the points P2 and Ox by the Bertini theorem because C is 

isomorphic to a general curve in the pencil C unless a = —1- In the case when a = — 1, the 

curve C is smooth outside the points P2 and Ox as well. 

We claim that the curve C is irreducible. If so, then we may assume that the support of D 

does not contain the curve C and hence we obtain a contradiction 

4 , , ^ 51-60 4 

— < multo(D) !^D-C = < — . 

21 ^ ^ 9 -15 -17 -20 21 

For the irreducibility of the curve C, we may consider the curve C as a surface in defined 
by the equations t'^ + + (1 + a)xz^ = and x^y = az^ . This surface is isomorphic to the 
surface in defined by the equations t'^ + + = and x^y = z^, where /? = 1 or 0. Then, 
we consider the surface in defined by the equations t^w + + iixz^ = and x'^y = z^w'^. 
We take the affine piece defined by t 7^ 1. This affine piece is isomorphic to the surface defined 
by the equation x'^y + z'^(y'^ + (3xz'^)'^ = in C^. If /? = 1, the surface is irreducible. If /? = 0, 
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then it has an extra component defined by y = 0. However, this component originates from the 
hyperplane tt; = in P'^. Therefore, the surface in defined by the equations + y'^ = and 
x'^y = is also irreducible. □ 

Lemma 3.1.15. Let X be a quasismooth hypersurface of degree 69 in P(9, 15, 23, 23). Then 
lct(X) = 6. 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

zt{z - t) +xy{y^ - x^) = 0. 

The surface X is singular at three distinct points O^;, Oy, Pi = [1 : 1 : : 0]. Also, it is singular 
at three distinct points Oz, Ot, Qi = [0 : : 1 : I]. 

The curve Cx consists of three distinct curves L^z, L^t and Rx = {x = z — t = 0} that 
intersect altogether at the point Oy. Similarly, the curve Cy consists of three curves Lyz, Lyt 
and Ry = {y = z — t = 0} that intersect altogether at the point Ox- The curve Cz consists of 
Lxz, Lyz, and Rz = {z = y^ — x^ = 0}. The curve Rz is singular at the point Ot with multiplicity 
3. The curve Ct consists of Lxt, Lyt and Rt = {t = y^ — x^ = 0}. The curve Rt is singular at 
the point Oz with multiplicity 3. 

Note that lct(X, ^Cx) = 6. The log pairs {X, ^Cy), {X, ^Cz) and {X, ^Ct) are log canonical. 

Suppose that lct(X) < 6. Then there is an effective Q-divisor D '^q —Kx such that the pair 
{X,6D) is not log canonical at some point P G X. Lemma 11.3.61 implies that we may assume 
that the support of D contains neither Rx nor Ry by a linear coordinate change. Furthermore, 
we may assume that the support of D does not contain at least one component of Cz- Also, it 
may be assumed not to contain at least one component of Ct- 

The inequalities 

15 • 23 • 9 1 1 

15P» • Rx = = — < -, 

9 -15 -23 -23 23 6' 

^ 9 • 15 • 23 • 23 9 6 
show that the point P is located in the outside of Rx U Ry. 
Then the inequalities 

11 1 1 23 11 

23D-Lxz = — <-, 23D-Lyz = -<-, —D-Rz = -<- 
15 6' ^ 9 6' 3 9 6 

show that multoj(P') < g, and hence the point P cannot be the point Ot. By the same way, we 
can show that P ^ Oz- 

Write D = mRz + il, where is an effective Q-divisor such that Rz Supp(r2). Then m ^ g 
since (X, 61?) is log canonical at Ot- We have 

1 

23' "'"^ ^ ~ 69' 

and hence P^ — Then 



Rz ■ {Lxz + Lyz) — — , Rz ■ D 



n 1 + m 7 1 

n-Rz = D-Rz- mRl = — — ^ „ „ ^„ < 



3-23 6 • 3 • 23 3-6 
Lemma 11.3.81 implies that the point P cannot belong to Rz- In particular, the point P cannot 
be the point Pi. 
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Write D = aL^z + A) where A is an effective Q-divisor whose support does not contain the 
curve Lxz- Then a ^ g. Then 

^ . . .2 X 6-(l + 37a) 6 + 37 43 

Vt ■ L^z = G(D ■ L^z - aLl,) = — ^ ^ = < 1, 

V xz xz) ^ 345 

because L^^ = Thus, we see that P L^z- Similarly, we can show that P ^ Lyz- Thus, 

we see that P ^ Cz- In the same way, we can see that P is not contained in the curves Ct and 
{z-t = 0}. 

Therefore, the point P is a smooth point in the outside of Cz U U — t = 0}. Let E be 
the unique curve on X such that E is given by the equation z = \t and P € E, where A is a 
non-zero constant different from 1. Then E is quasismooth and hence irreducible. Therefore, 
we may assume that the support of D does not contain the curve E. Then 

, ^ 23-69 1 

multpfD) !^ D ■ E = < -. 

^ ^ 9 • 15 • 23 • 23 6 

This is a contradiction. □ 

Lemma 3.1.16. Let X be a quasismooth hypersurface of degree 127 in P(ll, 29, 39, 49). Then 
lct(X) = f . 

Proof. We may assume that the hypersurface X is defined by the equation 

z'^t + yt^ + + x^z = 0. 

The singularities of X consist of a singular point of type Yr(7, 5) at O^;, a singular point of type 
^(1, 2) at Oy, a singular point of type ^(H, 29) at O^, and a singular point of type ^(H, 39) 
at Ot- 

The curve Cx (resp. Cy, Cz, Ct) consists of two irreducible curvGS Lxt (rGsp. Lyzi Ly;^^ Lxt) 
and Rx = {x = z"^ + yt = 0} (resp. Ry = {y = x^ + zt = 0}, R^ = {z = f + xy^ = 0}, 
Rt = {t = y"^ + x'^ z = 0}). We can see that 

Lxt n Rx = {Oy}, Lyz nRy = {Ot} , Lyz H iJ^ = {Ox}, Lxt riRt = {Oz}. 

It is easy to check lct(X, ^Cx) = f . The log pairs {X, ^Cy), {X, ^Cz) and (X, £^Ct) 
are log canonical. 

Suppose that lct(X) < Then there is an effective Q-divisor D '-^q —Kx such that the log 
pair (X, ^D) is not log canonical at some point P ^ X. 

By Lemma 11.3.61 we may assume that the support of D does not contain Lxt or Rx ■ Then 
one of the following two inequalities must hold: 

^ > ^ = 29L,t-Z)^multo,(I)), 

^>^ = 29i?,-Z)^multo,(I?). 
Therefore, the point P cannot be the point Oy. For the same reason, one of two inequalities 

±>l = llR,.D^multoAD) 
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must hold, and hence the point P cannot be the point Ox- Since Rt is singular at the point 
with multiplicity 4, we can apply the same method to Ct, i.e., one of the following inequalities 
must be satisfied: 

4 1 39 1 

— > — = —Rt ■ D ^ -multoAD)multoARt) = multo.(£»). 

Thus, the point P cannot be Oz- 

Write D = fiR^ + fi, where Q is an effective Q-divisor such that Rx <^ Supp(O). If fi > 0, 
then Lxt is not contained in the support of D. Thus, 

2 _ _ 1 

29 ^ ~ ^"^^ '^^'^ ^ ^ ~ 29 • 39 ' 

and hence ^ We have 

■ Rx = i9(D ■ Rx - fiRl) = ?±I^ < —, 
\ X h" xJ 29 33 

Then Lemma 11.3.81 shows that the point P cannot belong to Rx- In particular, the point P 
cannot be Ot- 

Put D = eLxt+^, where A is an effective Q-divisor such that Lxt ^ Supp (A). Since (X, ^-D) 
is log canonical at the point Oy, e ^ ^ and hence 

^.Lxt = D.Lxt-eLl,= ^-±^<^. 

xt 29.39 33 

Then Lemma 11.3.81 implies that the point P cannot belong to Lxt- 

Consequently, the point P must be a smooth point in the outside of Cx- Then an absurd 
inequality 

4 , 539-127 4 

— < umltp(D) ^ < — 

33 ^ ^ 11 • 29 • 39 • 49 33 

follows from Lemma 11.3.91 since H^(F,Op{539)) contains x'^^y^^, x'^^, x^^z^^ and t^^. The ob- 
tained contradiction completes the proof. □ 

Lemma 3.1.17. Let X be a quasismooth hypersurface of degree 256 in P(ll, 49, 69, 128). Then 
lct(X) = f . 

Proof- The curve Cx is irreducible and reduced. Moreover, it is easy to see lct(X, jjCx) = ^- 
The curve Cy is also irreducible and reduced and the log pair {X, ^Cy) is log canonical. 

Suppose that lct(X) < ^. By Lemma [1.3.61 there is an effective Q-divisor D ~(q —Kx such 
that CxjCy <f. Supp(D) and the log pair (X, ^L)) is not log canonical at some point P G X. 

The inequalities 

^ ^ 69 • 11 • 256 6 

mD ■ Cx = < — , 

11 -49 -69 -128 55 

11 n ^ 11 -49 -256 6 

WD ■ Cy = < — , 

^ 11 -49 -69 -128 55 
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imply that the point P is a smooth point in the outside of Cx- However, since //'^(P, C'p(759)) 
contains x^^ ,x^^y^^ , z^^ , we obtain 

, 759-256 6 

multpfZ?) ^ < — 

^ ^ 11 • 49 • 69 • 128 55 

from Lemma ll.3.91 This is a contradiction. □ 

Lemma 3.1.18. Let X be a quasismooth hypersm'face of degree 127 in P(13, 23, 35, 57). Then 
lct(X) = f . 

Proof. We may assume that the hypersurface X is given by the equation 

z^t + y'^z + xt^ + x^y = 0. 

The only singularities of X are a singular point of type 5) at Ox, a singular point of type 
^(13, 11) at Oy, a singular point of type ^(13, 23) at Oz, and a singular point of type ^(23, 35) 
at Ot- 

The curve Cx (resp. Cy, Czi Ct) consists of two irreducible curves Lxz (resp. Lyi, Lxzi -^yt) 
and Rx = {x = y'^ + zt = 0} (resp. Ry = {y = z^ + xt = 0}, Rz = {z = + x'^y = 0}, 
Rt = {t = y^z + x^ = 0}). We can see that 

Lxt n = {Ot}, Lyz n Ry = {Ox}, Lyz D Rz = {Oy}, L xt f) Rf = {O z} ■ 

It is easy to check lct(X, j^Cx) = f. The log pairs {X, ^Cy), {X,^Cz) and {X, ^Ct) 
are log canonical. 

Suppose that lct(X) < Then there is an effective Q-divisor D —Kx such that the log 
pair {X, ^D) is not log canonical at some point P ^ X. 

By Lemma 11.3.61 we may assume that the support of D does not contain Lxz or Rx- Then 
one of the following two inequalities must hold: 

8 1 

7^ > 7^ = ^7 Lxz ■ D ^ umltoAD), 
65 23 

4 > 4 = • D ^ multo,(I?). 

05 35 

Therefore, the point P cannot be the point Ot- For the same reason, one of two inequalities 

^>^ = 13L^fZ)^multo,p), 

^>^ = 13i?,-I)^multo.(Z?) 

must hold, and hence the point P cannot be the point Ox- 

To apply the same method to Cz and Ct, we note that Rz is singular at Oy with multiplicity 
2 and Rt is singular at Oz with multiplicity 3. Then we can see that one inequality from each 
of the pairs 

4 > 4 = 35Lj,t • D ^ mnltoAD), 
65 13 

8 8 35 1 

^ > = • ^ ^ -multo,(I))multo, (i?i) = multo,(£»); 

65 23 • 3 3 3 
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^ > ^ = • D ^ mnltOyiD), 

8 1 23 1 

^ > = • D ^ -multo,(I))multo,(i?.) = multo,(D) 

must be satisfied. Therefore, the point P can be neither Oy nor Oz- 
To apply Lemma 11.3.81 to Lxz and R^, we compute 

23-57' ^ 35-57" 

Put = aLxz + + ^1 where is an effective Q-divisor such that L^z, Rx ^ Supp (Jl). Then 
^ since the log pair (X, ^ 

^2 _ 1 + 79a 

23 - 57 ~ 65' 



a, 6 ^ ^ since the log pair (X, ^-D) is log canonical at the point Ot- Therefore, 

2 _ 1 + 79a 8 



35-57 65 

Then, Lemma 11.3.81 implies that the point P is a smooth point in the outside of Cx- 
Applying Lemma ll.3.9^ we see that 

8 , 741-127 8 

— < multp(D) ^ < — , 

65 ^ ^ 13 • 23 - 35 - 57 65 

since //''(P, Op (455)) contains 'j?^ ^x^'^y^'^ ^2}^ and the point P is in the outside of Lxz- The 
obtained contradiction completes the proof. □ 



Lemma 3.1.19. Let X be a quasismooth hypersurface of degree 256 in P(13, 35, 81, 128). Then 
lct(X) = fi. 

Proof. We may assume that the surface X is given by the equation 

+ y^z + xz^ + x^'^y = 0. 

It has a singular point of type 11) at Ox, a singular point of type ^(13, 23) at Oy, and a 
singular point of type ^(35,47) at Oz- 

The curve Cx is reduced and irreducible. The curve is singular at the point Oz- It is easy 
to check that lct(X, C^;) = j^. Therefore, lct(X) ^ jg. The curve Cy is also reduced and 
irreducible. The curve Cy is singular only at Ox- Moreover, the log pair {X,j^^Cy) is log 
canonical. 

Suppose that lct(X) < |i. Then there is an effective Q-divisor D —Kx such that the 
log pair {X, f^-D) is not log canonical at some point P G X. By Lemma 11.3.61 we may assume 
neither Cx nor Cy is contained in Supp(D). 

The following two inequalities show that the point P is located in the outside of U C^: 

81^ ^ 1 10 



EXCEPTIONAL DEL PEZZO HYPERSURFACES 57 

However, applying Lemma 11.3 .91 we can obtain 

, 1053-256 10 

^ ^ 13 • 35 • 81 • 128 91' 

since i7°(P,C'p(1053)) contains 

^81^ ^iiy26 ^13 _ This is a contradiction. □ 

3.2. Sporadic cases with 1 = 2 

Lemma 3.2.1. Let X be the quasismooth hypersurface defined by a quasihomogeneous poly- 
nomial f{x, y, z, t) of degree 12 in P(2, 3, 4, 5). Then 

{1 f{x,y, z,t) contains the term yzt, 
7 
— if f{x, y, z, t) does not contain the term yzt. 

Proof. We may assume 

f{x, y, z, t) = z{z — x^){z — ex^) + + xt^ + ayzt + bxy'^z + cx^yt + dx^y"^, 

where e 0,1), a, b, c, d are constants. Note that X is singular at the point Ot and three 
points Qi = [1 : : : 0], Q2 = [1 : : 1 : 0], Q3 = [1 : : e : 0]. The curve always is 
irreducible and reduced. We can easily check that 

r 1 if a / 0, 

lct(X,C.)= 7 ^ 
— if a = 0. 
I 12 

Suppose that lct(X) < A := lct(X, C^). Then there is an effective Q-divisor D ~q —Kx such 
that the log pair (X, XD) is not log canonical at some point P £ X. We may assume that the 
curve Cx is not contained in the support of D. 

First, we consider the case where a = 0. Since H^(F,Op{6)) contains x^, y"^, and xz, 
Lemma 11.3.91 implies that for a smooth point O £ X \ Cx 

, 2 -12 -6 12 

< 2:3:4:5 < y 

Therefore, the point P cannot be a smooth point in X\Cx- Since the curve Cx is not contained 
in the support of D and it is singular at Ot with multiplicity 3, the inequality 

5^ ^ 5-2 •2- 12 12 

-D ■ Cr = < 

3 3-2-3-4-5 7 

implies that the point P is located in the outside of Cx- Thus, the point P must be one of the 
point Qi, Q2, Qs- The curve Cy is quasismooth. Therefore, we may assume that the support of 
D does not contain the curve Cy. Then the inequality 

2 • 2 • 3 • 12 12 

mu\tQ,{D) ^2D-Cy= ^ 3 ^ ^ < - 

gives us a contradiction. 

From now we consider the case where o 7^ 0. Note that the curve Cx is not contained in the 
support of D and it is singular at Ot with multiplicity 2. Since 

2 2-2-3-4-5 
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the point P is located in the outside of Cx- 

The curve Cz is irreducible and the log pair [X, \Cz) is log canonical. Therefore, we may 
assume that the support of D does not contain the curve Cz- The curve Cz is singular at the 
point Qi. The inequality 

2 • 4 • 12 

multQ,(Z)) ^D.Cz= ^ 3^^ < 1 

implies that P cannot be the point Qi. We consider the curves C^.^^a defined hy z = and 
Cz-ex'^ defined hy z = ex^ . Then by coordinate changes we can see that they have the same 
properties as that of Cz- Moreover, we can see that the point P can be neither Q2 nor Q3. 
Therefore, the point P must be located in the outside of C^; U U C^_x-i U Cz-^x'^- 

Let £ be the pencil on X defined by + /xz = 0, where [A : /i] G P^. Let C the curve in £ 
that passes through the point P . Then it is cut out by z = ax^, where a 7^ 0, 1, e. The curve C 
is isomorphic to the curve in P(2, 3, 5) defined by 

x*^ + / + xt^ + (ix^yt + 7x^y^ = 0, 

where /3 and 7 are constants. We can easily see that the curve C is irreducible. Moreover, we 
can check multp(C) ^ 2 and hence the log pair (X, ^C) is log canonical. Therefore, we may 
assume that the support of D does not contain the curve C . Then, the inequality 

multpp)5;D-C=|^^<l 

gives us a contradiction. □ 

Lemma 3.2.2. Let X be a quasismooth hypersurface of degree 14 in P(2, 3, 4, 7). Then \ct{X) = 
1. 

Proof. We may assume that X is defined by the quasihomogeneous equation 

where e 7^ 0, (32, Ps, 7 are constants. Note that X is singular at the points Oy, Oz and three 
points Qi = [1 : : /3i : 0], Q2 = [1 : : /32 : 0], Q3 = [1 : : /33 : 0]. The constants (32 and (33 
are distinct since X is quasismooth. The curve Cx consists of two irreducible reduced curves C_ 
and C+. However, the curves Cy and Cz are irreducible. We can easily see that lct(X, Cx) = 1, 
lct{X, ICy) = I and lct(X, ^Cz) > 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the 
log pair {X,D) is not log canonical at some point P G X. Since H^{¥,Op{6)) contains x^, 
and xz, Lemma 11.3.91 implies that the point P is either a singular point of X or a point of Cx- 
Furthermore, Cy is irreducible and hence we may assume that the support of D does not contain 
the curve Cy. Hence the equality 

^ 2-3-4-5 

implies that P ^ Qi for each i = 1,2, 3. In particular, the point P must belong to Cx. 
We have the following intersection numbers: 

17 ^ 
+ 6 12 + 12 
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We may assume that the support of D cannot contain either C_ or C_|_. If D does not contain 
the curve C+, then we obtain 

multo,(I))^4Z)-C+ = ^<l, 

On the other hand, if D does not contain the curve C_, then we obtain 

multo.P) ^ 

Therefore, the point P must be in Cx \ Sing(X). 

We write D = mC+ + Vl, where the support of $7 does not contain the curve C+. Then m ^ | 
since D ■ C_ ^ mC+ • C_. Then we see C+ • D — mC^ < 1. By the same method, we also obtain 
C- ■ D — mC^ < 1. Then Lemma 11.3.81 completes the proof. □ 

Lemma 3.2.3. Let X be a quasismooth hypersurface of degree 20 in P(3, 4, 5,10). Then 
lct(X) = |. 

Proof. The surface X can be defined by the quasihomogeneous equation 

= + + x^z + eixy^z + e2x'^yz^ + e^x'^y^, 

where E C. Note that the surface X is singular only at the point Ox^ O = [0 : 1 : : 1], 
Pi = [0 : : 1 : 1] and Pa = [0 : : 1 : -1]. 

The curves C^) Cy and Cz are irreducible. Moreover, we have 

^=lct(X,^a)<lct(X,^C,) = 2, 

and hence lct(X) ^ |. We also see that lct(X, |Cz) > |. 

Suppose that lct(X) < |. Then there is an effective Q-divisor D —Kx such that the 
pair {X, |Z)) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of the divisor D does not contain the curves Cx , Cy and Cz ■ 

Suppose that P ^ Cx^CyUCz- Then we consider the pencil C on X cut out by the equations 
Xy^ + fixz = 0, [A : /i] G P^. There is a unique member Z in the pencil C with P € Z. The 
curve Z is cut out by an equation of the form ay^ + xz, where a is a non-zero constant. There 
is a natural double cover uj: Z ^ C, where C is the curve in P(3, 4, 5) given by the equation 
ay^ + xz. The curve C is quasismooth and io{P) is a smooth point of P(3, 4, 5). Thus, we see 
that multp(Z') ^ 2, the curve Z consists of at most 2 components, each component of Z is a 
smooth rational curve. In particular, {X, |Z) is log canonical. Therefore, we may assume that 
Supp (D) does not contain at least one irreducible component of Z. Thus, if Z is irreducible, 
then we obtain an absurd inequality 

8 2 
— =D - Z^ multpp) ^ -. 
15 3 



2 



< 1. 
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So, we see that Z = Zi + Z2, where Z\ and Z2 are smooth irreducible rational curves. Then 

Z? = Zn = , Z-\ ■ Zo = — . 

1 2 -^g, 1 2 3 

Without loss of generality we may assume that P € Zi. Put D = mZi + 17, where $7 is an 
effective Q-divisor such that Zi ^ Supp(r2). If m 7^ 0, then 

— = iJ • Z2 ^ mZi ■ Z2 = — , 
15 6 

and hence m ^ ^. On the other hand, Lemma 11.3.81 shows that 

— _ — = [D - mZi) ■ Zi = n ■ Zi > -, 
This is a c 

The inequalities 



and hence m > |. This is a contradiction. Therefore, P £ U U C^. 



1 2 4 2 1 2 

L).C^ = -<-, D -Cy = — < D-C, = - <- 
5 3 ^ 15 3 3 3 

imply that the point P must be a singular point of X. 

The curve is singular at the point Ox- Thus, we have 

1 = • ^ multo,(D)multoJC.) ^ 

2 2 2 t^^v ; 

Therefore, the point P cannot be O^;. 
Also, we have 

2 

- = 2Z) • ^ multofl)). 
5 

This inequality shows that the point P cannot be the point O. Consequently, the point P must 
be either Pi or P2. 

Without loss of generality we may assume that P = Pi. Note that fl Cy = {Pi, P2}. 

Let it: X X he the weighted blow up at the point Pi with weights (3,4). Let E be 
the exceptional curve of vr and let D, Cx and Cy be the proper transforms of D, Cx and Cy, 
respectively. Then 

~Q ^*{Kx) + ^E, Cx ~Q 7r*{Cx) - ^E, Cy ~q 7r*{Cy) - ^E, D ~q vr*^) - ^E, 

where a is a non-negative rational number. The curve E contains one singular point Q^, of type 
5(1, 1) and one singular point of Q4 of type 5(1, 1) on the surface X. The point Q3 is contained 
in Cy but not in Cx- On the other hand, the point Q4 is contained in Cx but not in Cy. The 
intersection Cx H Cy consists of a single point that dominates the point P2. 
The log pull back of the log pair {X, ^D) is the log pair 

'2 10 

This is not log canonical at some point Q E. We see that 

0<^Cx-D = Cx-D + —E^ = ---, 

25 5 20 
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and hence a ^ 4. In particular, 

3a -4 

This imphes that the log pull back of the log pair {X, is log canonical in a punctured 
neighborhood of the point Q. 

If a ^ |, then the log pair {X, is not log canonical at Q as well. We then obtain 



3 

2 



a 

— = D-E> i 
12 



^ifQ^Qs and Q / Q4, 
^•^ ifQ = Q3, 



In particular, we have a > 2. This contradicts the assumption a ^ |. Therefore, a > | and the 
log pull back of the log pair {X, |Z)) is effective. Then 

, 2 / 3a -4\ 14 -3a 

muhQ(i:>) > 



3 V 10 y 15 

Since D-E = ^ ^ |, Lemma [l.3.8l implies that the point Q cannot be a smooth point. Therefore, 
the point Q is either Qs or Q4. However, two inequalities 

^ - ^ = 45 • a ^ multQ,(5) > 

- = 3D ■ Cy ^ mnltQ,{D) > 
give us a contradiction. □ 



Lemma 3.2.4. Let X be a quasismooth hypersurface of degree 30 in P(3, 4, 10, 15). Then 
lct(X) = |. 

Proof. The surface X can be defined by the quasihomogeneous equation 

t'^ = - y^z - + eix^yz^ + €2x^7/*^ + e^x'^y'^z + e^x^y^, 

where ej € C. The surface X is singular at the points O^, O2 = [0 : 1 : 1 : 0], O5 = [0 : : 1 : 1], 
Pi = [1 : : : 1] and P2 = [1 : : : -1]. 

The curves Cx and Cy are irreducible. Moreover, we have 



- = let i^X, -Cxj < let ^X, -Cy 

Suppose that lct(X) < |. Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, |Z)) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of the divisor D contains neither Cx nor Cy. 

Since H^{F,Op{20)) contains the monomials y^, y'^x^, z^, it follows from Lemma 11.3.91 that 
the point P is either a singular point of X or a smooth point in Cy. However, the point P 
cannot belong to Cy since | = 5D ■ Cy. Therefore, the point P must be either the point Oy or 
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O2. On the other hand, we have 4D-C^ = |. This means that the pair {X, |D) is log canonical 
at the points Oy and O2. Consequently, lct(X) = |. □ 

Lemma 3.2.5. Let X be a quasismooth hypersurface of degree 57 in P(5, 13, 19, 22). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

/ + yt"^ + xy^ + x'^t + ex^yz = 0, 

where e G C. The surface X is singular only at the points Ox, Oy and Ot- 
The curves Cx and Cy are irreducible. Moreover, we have 

?5.,ct(x,|c.)<ic.(xlc,).|. 

Suppose that lct(X) < y|. Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, 11 -D) is not log canonical at some point P. By Lemma ll.3.6| we may assume that the 
support of the divisor D contains neither Cx nor Cy. 

Since H^{F,Op{lW)) contains the monomials x^y^, x'^'^ and t^, it follows from Lemma 11.3.91 
that the point P is either a singular point of X or a smooth point on Cx. However, this is 
impossible since 22L> ■ C'x = ^ < ^ and 5D • = ^ < i|. □ 

Lemma 3.2.6. Let X be a quasismooth hypersurface of degree 70 in P(5, 13, 19, 35). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ yz^ + xy^ - x^^ + ex^y'^z = 0, 

where e G C. The surface X is singular at the points Oy and Oz- It is also singular at two points 
Pi = [1 : : : 1] and P2 = [1 : : : -1]. 

The curves Cx is irreducible. On the other hand, the curve Cy consists of two smooth curves 
Ci = {7/ = — t = 0} and C2 = {y = + t = 0}. Moreover, we have 

| = lct(x,Hc.)<lc.(A-,Ac,)=f. 

Suppose that lct(X) < y|. Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, ^D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of the divisor D dose not contains Cx. Also, we may assume that the support of D does 
not contain either Ci or C2. 

Since 19D ' Cx = < the point P cannot belong to Cx. 

We put miCi + m2C2 + where Q is an effective Q-divisor whose support contains neither 
Ci nor C2. Since the pair {X, ff-D) is log canonical at the point Oz, we see that rm ^ Since 

5iD - mid) ■ Ci = '^—^ < — 
\ tut 25 

for each i. Lemma 11.3.81 implies that the point P can be neither Pi nor P2. Therefore, the 
point P is a smooth point of X in the outside of Cx- However, since iJ°(P, Op (95)) contains the 
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monomials x^y^, x^'^ and z^, it follows from Lemma 11.3.91 that the point P is either a singular 
point of X or a smooth point on Cx- This is a contradiction. □ 



Lemma 3.2.7. Let X be a quasismooth hypersurface of degree 36 in P(6, 9, 10, 13). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

zt^ + y'^ + xz^ + x^ + ex^y^ = 0, 

where e is a constant different from ±2. The surface X is singular at the points Oz and Ot- It 
is also singular at two points Pi and P2 on Lzt- The surface X is also singular at one point Q 
on Lyt. 

The curves Cx and Cy are irreducible and reduced. However, the curve Cz consists of two 
irreducible and reduced curves Ci and C2. The curve Ci contains the point Pi but not i-*2- On 
the other hand, C2 contains the point P2 but not Pi. We also see 

998 6 
^ 2 39' 13 

It is easy to check 

— = let ( X, —CA < ? = let ( X, -C7^ ) < - = let ( X, -Q 
12 V 10 / 4 V 6 y 2 V 9 ^ 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~(g) —Kx such that the 
pair (X, H-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of the divisor D contains neither Cx nor Cy. In addition, we may assume that it cannot 
contain either C\ or C2. 

Since i/''(P, Op(30)) contains the monomials x^y^, and 2^, it follows from Lemma 11.3.91 
that P G Sing(X) U U Cz- However, 2P' ' C*?/ = ^ < ^ ^'^cl hence the point P cannot be 
the point Q. Note that the curve Cx passes through the point Oz with multiplicity 2. Then the 
inequality 5P> ' C'x = ^ < ^ shows that the point P cannot be a point on C^. \ {Ot}. 

Put D = mCi + 17, where 17 is an effective Q-divisor such that C\ ^ Supp(r2). If m ^ 0, then 

2 f)??7 

= . = (mCl + 17) • C2 ^ mCi • C2 = — , 

and hence m ^ |. Then 

/ ^ N ^ 2 + 8m 12 

3(1) - mCi) • Ci = ^ ^ — . 

^ ^ 13 25 

Therefore, it follows from Lemma 11.3.81 that the point P cannot be a point on C\ \ {Ot}. By 

the same method, we can show that the point P cannot be a point on C2 \ {Ot}. Therefore, the 

point P must be the point Ot. 

Let vr: X — > X be the weighted blow up at the point Ot with weights (2,3). Let E be 

the exceptional curve of vr and let l), Cx and be the proper transforms of Cx and Oy, 

respectively. Then 

Kx ~Q vr*(Kx) - ^i^, a ~Q vr*(0,.) - ^i?, O, ~q 7r*(C,) - ^i?, 5 ~q ^*(Z)) - ^i?. 
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where a is a non-negative rational number. The curve E contains one singular point Q3 of type 
1(1, 1) and one singular point of Q2 of type ^(1, 1) on the surface X . The point Q2 is contained 
in Cy but not in Cx- On the other hand, the point Q3 is contained in Cx but not in Cy. 
The log pull back of the log pair {X, f|-D) is the log pair 

25 25^ 
'12 12 • 13 

This is not log canonical at some point Q (z E. We see that 

^ a • 5 = c„ • + ^ 



and hence a ^ In particular 



^ y ^ ' 169^ 5-13 2-13' 

25a + 96 ^ ^ 



12 • 13 



I ■ I : - implies that the log pull back of the log pair (X, ff-D) is log canonical in a punctured 
neighborhood of the point Q. Then 



, , - , 12 / 25a + 96^ 12 a 
multQ(D) > - 1 



25 V 12 • 13 y 5-13 13 

Since D ■ E = | ^ Lemma 11.3.81 implies that the point Q cannot be a smooth point. 
Therefore, the point Q is either Q2 or Q^. However, two inequalities 

12 ± = ZD.Cx^^n\iQ,{D)> " 



5-13 13 ^''^ ' 5-13 13' 

12 a - - , 12 a 

2D-Cy^ multQ^iD) > 



5-13 13 " ' 5-13 13 

give us a contradiction. □ 



Lemma 3.2.8. Let X be a quasismooth hypersurface of degree 57 in P(7, 8, 19, 25). Then 
lct(X) = f . 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ yH + xt"^ + x^y + ex'^y^z = 0, 

where e S C. The surface X is singular at the points Ox, Oy and Ot- The curves Cx 5 Cy and 
Cz are irreducible. We have 

49 /2\ /2\in / 2\19 

Thus, lct(X) ^ f . 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~(q — iCx such that the 
pair {X, H-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of the divisor D contains none of the curves Cx, Cy and Cz- The curve Cx is singular 
at the point Ot. Since • C^; = § < ||, ?£> • C^^ = ^ < || and L> • = ^ < ||, the point 
P cannot belong to the set Cx U Cy U Cz. 
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Consider the pencil C on X defined by the equations Xy'^z + j-ix^ = 0, [/-i, A] G P-"^. Then there 
is a unique curve Z in the pencil C passing through the point P. Then the curve Z is defined 
by an equation of the form y'^z — ax^ = 0, where a is a non-zero constant. 

We see that Cy <^ Supp(Z). But the open subset Z\Cy oi the curve Z is a Zg-quotient of 
the affine curve 

z - ax^ = z^ + t + xt^ + x'^ + ex^z = C = Spec(^C [x, z, t 

that is isomorphic to the plane affine curve defined by the equation 

a^x^^ + t + xt^ + + eax"^ = C ^ Spec(^C [x, t 

This curve is irreducible and hence the curve Z is also irreducible. Thus multp(Z) ^ 14. We 
may assume that Supp(L') does not contain the curve Z by Lemma 11.3.61 Then we obtain an 
absurd inequality 

3 24 
- = I).Z^multp(Z))>-. 

□ 

Lemma 3.2.9. Let X be a quasismooth hypersurface of degree 64 in P(7, 8, 19, 32). Then 
lct(X) = f . 

Proof. The surface X can be defined by the quasihomogeneous equation 

-y^ + xz^ + x^y + ex^y^z, 

where e € C. Note that X is singular at the points Ox and Oz- The surface X also has two 
singular points Pi = [0 : 1 : : 1] and P2 = [0 : 1 : : -1] of type i(7, 3). 

The curve Cx is reducible. We have Cx = Ci + C2, where Ci and C2 are irreducible and 
reduced curves. The curve Ci contains the point Pi but not the point P2. On the other hand, 
the curve C2 contains the point P2 but not the point Pi. However, these two curves meet each 
other only at the point Oz- We also have 

9 25 4 

^ 2 8-19' 19 
The curve Cy is irreducible. It is easy to check 



Therefore, lct(X) ^ f|. 

Suppose that lct(X) < y|. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, f|-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of D does not contain the curve Cy. Moreover, we may assume that the support of D 
does not contain either the curve Ci or the curve C2. 

Since Ci ^ Supp(L') for either z = 1 or 2, we have 



1 16 

multo^(P>)^19D.Ci = -<— , 

4 35 
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and hence P ^ O-^- Meanwhile, the inequahty 7D ' Cy = < ^ impHes that the point P 
cannot belong to Cy. 

Suppose that P E Ci. Then we write D = mCi + il, where Vt is an effective Q-divisor such 
that Ci Supp(O). If m / 0, then 

D-C2 = imCi + $1) • C2 ^ mCi • C2 = — , 



4-19 - V - / - - X . 

and hence m ^ Then it follows from Lemma 11.3.81 that 



^±^ = (l)-mCi).Ci = O.Ci><J 



35 ^ ' 

15.iifF = fl. 

35 8 



This is impossible since m ^ j^. Thus, P Ci. Similarly, we can show that P C2. 

Consequently, the point P is located in the outside of Cy. In particular, it is a smooth 
point of X. But //'^(P, Cp(64)) contains monomials y^, x^y, y'^t and t^. This is impossible by 
Lemma ll.3.91 The obtained contradiction completes the proof. □ 



Lemma 3.2.10. Let X be a quasismooth hypersurface of degree 48 in P(9, 12, 13, 16). Then 
lct(X) = f . 

Proof. The surface X can be defined by the quasihomogeneous equation 

- / + xz^ + x^y = 0. 

The surface X is singular at the points Ox, Oz, Q4, = [0 ■ 1 ■ : 1] and = [1 : 1 : : 0]. 
The curves Cx, Cy, Cz and Ct are irreducible and reduced. We have 

I = let (x, Ic) < let (x, Ac,) = 4 < let (x, Ac.) = f < let (x, Ac,) = f . 



Therefore, lct(X) ^ §. 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, H-D) is not log canonical at some point P. By Lemma ll.3.6| we may assume that the 
support of the divisor D contains none of the curves Cx, Cy, Cz and Ct. 

Note that the curve Cx is singular at Oz with multiplicity 3 and the curve Cy is singular at 
Ox with multiplicity 3. Then the inequalities 

3 6 63' 3 ^ 13 63' 6 63 9 • 13 63 

show that the point P must be located in the outside of Cx ^ Cy U Cz D Cf. 

Consider the pencil C on X defined by the equations Xxt + ^yz = 0, [//, A] € P^. Then there is 
a unique curve Z in the pencil C passing through the point P. Then the curve Z is defined by an 
equation of the form xt — ayz = 0, where a is a non-zero constant. We see that Cx ^ Supp(Z). 
But the open subset Z \Cx of the curve Z is a Zg-quotient of the affine curve 

t - ayz = t^ + y'^ + z^ + y = CC^ = Spec (c[y, z,t]^ , 
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which is isomorphic to the plane affine curve given by the equation 

a^y'^z^ + + + y = C = Spec(^C[y,; 

Then, it is easy to see that the curve Z is irreducible and multp(Z) ^ 4. Thus, we may assume 
that Supp(L') does not contain the curve Z by Lemma [1.3.61 However, 

• Z ^ multp(D) > — . 



18-13 ^ ' 63 

Consequently, lct(X) = §. □ 

Lemma 3.2.11. Let X be a quasismooth hypersurface of degree 57 in P(9, 12, 19, 19). Then 
lct(X) = 3. 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

zt{z — t) — xy^ + x^y = 0. 

The surface X is singular at three distinct points O^, Oy, = [1 : 1 : : 0] . Also, it is singular 
at three distinct points O^, Ot, Qig = [0:0:1:1]. 

The curve Cx consists of three distinct curves Lxz, L^t and = {x = z — t = 0} that 
intersect altogether at the point Oy. Similarly, the curve Cy consists of three curves Lyz, Lyt 
and Ry = {y = z — t = 0} that intersect altogether at the point Ox- The curve Cz consists 
of three distinct curves Lxz, Lyz and Rz = {z = x'^ — y^ = 0} that intersect altogether at the 
point Ot- The curve Ct consists of three distinct curves Lxt, Lyt and Rt = {t = x'^ — y^ = 0} 
that intersect altogether at the point Oz- Let Cz-t be the curve cut out on X by the equation 
z = t. Then Cz-t consists of three distinct curves Rx, Ry and Rz-t = {z — t = x^ — y'^ = {)} 
that intersect altogether at the point Qig. 

We have the following intersection numbers: 



xt ''X 19.12' y 19-9' ^ * 19.3 

1 2 

-Kx ■ Lxz = —Kx ■ Lxt = -Kx ■ Rx = n i -Kx ■ Lyz = -Kx ■ Lyt = -Kx ■ Ry ^ 



19.6' ^ 19-9' 

-Kx ■ Rz = -Kx ■ Rt = -Kx ■ Rz-t = 

ly • o 

Since lct(X, |Ca;) = 3, we have lct(X) ^ 3. Suppose that lct(X) < 3. Then there is an 
effective Q-divisor D ~q —Kx such that the pair {X, 3D) is not log canonical at some point 
P £X. 

The pairs {X, |Cx) and {X, -^Cy) are log canonical. By Lemma 11.3.61 ^6 may assume that 
the support of D does not contain at least one component of Cx- Then one of the inequalities 

multo,(£') 12D ■ Lxz = < ^, 

6 1 

multo,(I))^12Z)-L,t = — <-, 

6 1 

multo.P) ^l2D-Rx = — <- 

57 3 
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must hold, and hence the point P cannot be the point Oy. Also, we may assume that the 
support of D does not contain at least one component of Cy. By the same reason, the point P 
cannot be the point Ox- 
We have 

let (x, ^C^] = let (x, ^Ct] = let (x, ^Ci 



19 V V 19 7 V 19 V 2 

By Lemma [1.3.61 we may assume that the support of D does not contain at least one component 
of each curve Cx, Ct and Cz-t- Since the curve Rz is singular at the point Ot with multiplicity 
3, Then one of the inequalities 

multo,(i?) ^ 19L>-L,, = ^ < ^, 

O 6 



multot(I)) ^ 19^ ■Lyz = -<-, 



2 1 

9^3' 
19 2 1 

multo,(I))^y I? = 



must hold, and hence the point P cannot be the point Ot- By applying the same method to Ct 
and Cz~t^ we see that the point P can neither Oz not Q\%. 

The three curves i?^) Rt-, and Rz~t intersects only at the point Qs- The log pair 

X, — ^yRz + + Rz-\ 

is log canonical at and Rz ^ Rt ^ Rz-t ~ —18Kx- By Lemma 11.3.61 we may assume that 
the support of D does not contain at least one curve among Rz, Rt and Rz-t- Without loss of 
generality, we may assume that the support of D does not contain the curve Rz- Then 

multQ3(Z))^3Z)-i?, = ^<^, 

and hence the point P cannot be Q3- 

Write D = miL^z + 'm2Lyz + m^Rz + A, where A is an effective Q-divisor whose support 
contains none of the curves Lxz, Lyz, Rz- Since the pair {X,3D) is log canonical at the point 
Ot, we have ^ | for each i = 1, 2, 3. By Lemma [1.3.81 the inequalities 

m r w 2 + 29mi 1 
(D - miLxz) ■ Lxz = < 



{D - m2Lyz) ■ Lyz = ^ < 



2 + 26m2 1 
9 • 19 ^ 3' 



2 + 2m3 1 

(D - m3Rz) ■ Rz = < - 

V .i z) z 2_^g 2 

show that the point P cannot belong to Cz- By the same way, we can show that the point P is 
not contained in Ct U Cz-t- Therefore, the point P is a smooth point of X in the outside of the 
set CzUCtUCz-t- Then there is a unique quasismooth irreducible curve E C X passing through 
the point P and defined by the equation z = At, where A is a non-zero constant different from 1. 
By Lemma ll.3.6l we may assume that the support of D does not contain the curve E- Then 

I < multp(Z)) ^D-E = ^- 
o io 
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This is a contradiction. □ 

Lemma 3.2.12. Let X be a quasismooth hypersurface of degree 81 in P(9, 19, 24, 31). Then 
lct(X) = 3. 

Proof. The surface X can be defined by the quasihomogeneous equation 

yt"^ + y^z + xz^ - = 0. 

It is singular at the point Oy, Oz and Ot- The surface X is also singular at the point Q3 = [1 : 
0:1:0]. 

The curve Cx (resp. Cy) consists of two irreducible curves L^y and Rx = {x = t'^ + y^z = 0} 
(resp. Ry = \y = z^ — x^ = 0}). The curve Lxy intersects Rx (resp. Ry) only at the point Oz 
(resp. Ot). We have the following intersection numbers: 

1 12 1 

-Kx-Lxy = ^^^. -Kx-Rx = -^, -Kx-Ry = j^, LxyRx = -, 

J -1 r2 53_ 2_ 5_ 2_ 10 



^xy 3^, ^xy 24-31' ^ 6-19' ^ 3 • 31 ' 

Meanwhile, the curve Cz is irreducible. We see that lct(X) ^ 3 since 

(2 \ / 2 \ 209 / 2 \ 22 

X. -C. j < ic. [X. = - < let (X, ^C.) = -. 

Suppose that lct(X) < 3. Then there is an effective Q-divisor D ~q —Kx such that the pair 
{X, 3D) is not log canonical at some point P. We may assume that the support of D does not 
contain at least one component of each of Cx and Cy by Lemma ll.3.61 One of the inequalities 

multo^D ^ 24D .Lxy = ^<l, multo^D 2iD ■ Rx = ^ < I 

must hold, and hence the point P cannot be the point Oz. Since the curve Ry is singular at the 
point Ot with multiplicity 3, one of the inequalities 

11 31 2 1 

nmlto.D ^ 31D ■ Lxy = < 3, multo,!? ^ —D ■ Ry = - < - 

must hold, and hence the point P cannot be the point Ot- 

By Lemma [1.3.61 we may also assume that the curve Cz is not contained in the support of 
D. The curve Cz is singular at the point Oy. Then the inequality 

2 31 3 

shows that the point P cannot be the point Oy. 

Write D = moLxy + rriiRx + m2Ry + Jl, where Q is an effective Q-divisor whose support 
contains none of Lxy, Rx, Ry If "t-o 7^ 0, then we obtain 

= D ■ Rr ^ ninLrv ■ Rr = — 

6 . 19 X ^ » xy X 

and hence mo ^ Similarly, we see that mi ^ and m2 ^ Since we have 

{D - moLxy) ■ Lxy = ^ _ 3^ ° < -, 
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/ „ „ s „ 1 + 5mi 1 

(D - miR^) ■ Ra, = < -, 

3{D - m2Ry) ■ Ry = ^ ^^"^ < ^, 

it follows from Lemma [1.3.81 that the point P is located in the outside of Cx and Cy. Therefore, 
the point P is a smooth point in the outside of Cx and Cy. However, since Op(171)) 
contains the monomials y^, x^^, x^z^ and x^^z"^, it follows from Lemma 11.3.91 that the point P 
must be either a singular point of X or a point in Cx^ Cy. This is a contradiction. □ 



Lemma 3.2.13. Let X be a quasismooth hypersurface of degree 105 in P(10, 19,35,43). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

z^ + + xy^ - x''z = 0. 

The surface X is singular at the points Ox, Oy, Ot and = [1 : : 1 : 0]. 

The curve Cx is irreducible. However, the curve Cy consists of two irreducible curves Lyz and 
Ry = {y = z^ — x"^ = 0}. The curve Lyz intersects Ry at the point Ot. We have 



We also have lct(X) ^ y| since 



10-43' y 5-43' y' y 43' 

14 



— = let ( X, —Cy] < let ( X, —Cx] = —. 
14 V 19 ^/ I ' 10 / 6 



Suppose that lct(X) < j^. Then there is an effective Q-divisor D ~(q) —Kx such that the 
pair {X, fl-D) is not log canonical at some point P. By Lemma ll.3.6[ we may assume that the 
support of the divisor D does not contain the curve Cx- Similarly, we may assume that the 
support of the divisor D does not contain either Lyz or Ry. 

Since the support of the divisor D does not contain either Lyz or Ry and the curve Ry is 
singular at the point Ot, one of the inequalities 

1 14 43 1 14 

multo,(I)) ^ 43Z) • V = - < — , xnulioAD) <.—D-Ry = -< — 

must hold, and hence the point P cannot be Oj. 

We write D = nioLyz + miRy + 17, where VL is an effective Q-divisor whose support contains 
neither Lyz nor Ry. If ttt-q 7^ 0, then mi = and hence 

D ■ Ry ^ niQLyz ■ Ry 



5-43 - V ^3 



Therefore, mo ^ 35. Similarly, we have mi ^ Since 

, , 2 + 51mo 14 
W{D - moLyz) ■ Lyz = — < — , 

^/r^ o N o 2 + 16mi 14 
5[D - miRy) ■ Ry = — < — , 

it follows from Lemma 11.3.81 that the point P is located in the outside of Cy 
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Since the divisor D does not contain the curve C^, multoy(-D) ^ 19D • = ^ < i|, and 
hence the point P cannot belong to the curve Cx- Therefore, the point P is a smooth point 
in the outside of Cx U Cy. However, since F°(P,Op(190)) contains 

fohows from Lemma 11.3.91 that the point P must be either a singular point of X or a point in 
Cx U Cy. This is a contradiction. □ 

Lemma 3.2.14. Let X be a quasismooth hypersurface of degree 105 in P(ll, 21, 28, 47). Then 
lct(X) = g. 

Proof. The surface X can be defined by the quasihomogeneous equation 

yz^ -y^ + xt^ + x'^z = 0. 

The surface X is singular at the point Ox, Ozi Ot and = [0 : 1 : 1 : 0]. 

'Jy) consists of two irreducible curves Lxy 



The curve Cx (resp. Cy) consists of two irreducible curves Lxy and Rx = {x = z^ — y'^ = 0} 
(resp. Ry = {y = t'^ + x^z = 0}. The curve Lxy intersects Rx (resp. Ry) only at the point Ot 
(resp. Oz)- We have the following intersection numbers: 

1 2 13 

-Kx ■ Lxy = Y^-^, -Kx-Rx = Y^, -Kx-Ry = Y-p^, LxyRx = ^, 

J -1 r2 73_ „2__J^ „2_ 5 



^xy ^xy 28-47' ^ 7-47' ^ 7-ll' 

We see that lct(X) ^ since 

77 f 2 \ [2 

— = let X, —Cx < let X, — C, 
30 V 11 y V 21 ^ 

Suppose that lct(X) < l^. Then there is an effective Q-divisor D ~q —Kx such that the 
pair (X, Ig-D) is not log canonical at some point P. By Lemma ll.3.6| we may assume that the 
support of D does not contain at least one component of each of Cx and Cy. Note that the curve 
Rx is singular at the point Ot with multiplicity 3 and the curve Ry is singular at the point Oz- 
Then one of two inequalities 

1 30 47 2 30 

multo,(i?) ^^lD-Lxy = — <—, umMoAD) ^ y ^ ' = ^ < 77 

must hold, and hence the point P cannot be Ot- Applying the same method to Cy, we show 
that the point P cannot be the point Oz. 

Write D = moLxy + rriiRx + m2Ry + Jl, where Vt is an effective Q-divisor whose support 
contains none of Lxy, Rx, Ry If Jn-o 7^ 0, then we obtain 

D ■ Rx ^ moLxy ■ Rx 



^ and 777-2 ^ ^ 
2 + 73mo 30 



and hence mo ^ Similarly, we see that mi ^ ^ and 777-2 ^ Since we have 



{D - niQLxy) ■ Lxy - . 47 < 

7m R ^ R 2 + 107771 30 
7(D - 777ii?^) • Rx = — < — , 

ll{D-m,Ry)-Ry=^-^f^<f^, 
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it follows from Lemma [1.3.81 that the point P is located in the outside of and Cy. Therefore, 
the point P is a smooth point in the outside of Cx- However, since iJ°(P,C'p(517)) contains 
x^y"^"^, x^^y^^ , x^^, x^'^z^^ , x^^, i^^, it follows from Lemma [1.3.9l that the point P must be either 
a singular point of X or a point in Cx- This is a contradiction. □ 



Lemma 3.2.15. Let X be a quasismooth hypersurface of degree 107 in P(ll, 25, 32, 41). Then 
lct(X) = ^. 

Proof. The surface X can be defined by the quasihomogeneous equation 

yt^ + y^z + xz^ + x^t = 0. 

The surface X is singular at the points Ox, Oy, Oz, Ot- Each of the divisors Cx, Cy, Cz, and Cj 
consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) consists 
of Lxy (resp. Lxy, Lzt, Lzt) and Rx = {x = t"^ + y'^z = 0} (resp. Ry = {y = z^ + x^t = 0}, 
R^ = {z = x^ + yt = 0}, Rt = {t = y'^ + xz^ = 0}). Also, we see that 

Lxy n i?x = {Oz}, Lxy r\Ry = {Ot}, Lzt nRz = {Oy}, Lzt nRt = {Ox}. 

We have the following intersection numbers: 

-^^■^-^=16^' -^^•^^* = Tr25' -^^-^- = 8^' -^^■^^=1^41' 



12 3 13 6 

-Kx ■ Rt = r^^-^, Lxy ■ Rx = — , Lxy ■Ry = ^^ Lzt ■Rz = ^ 



r2 _ 71 2 _ 34 2 _ 7 2 _ 42 



xy 32.41' ^* 11-25' ^ 8-25' ^ 11-41 
We see lct(X) ^ ^ since 

- = lct (x,-Cx) <- = lct (x,-Cy) <- = lct (x,-Cz) <^=lct(x, -Ct 
3 V 11 y 9 V 25 V 3 V 32 V 18 V 41 

Suppose that lct(X) < Then there is an effective Q-divisor D ~(Q —Kx such that the pair 
{X, ^D) is not log canonical at some point P. By Lemma ll.3.6[ we may assume that either 
Supp(D) does not contain at least one irreducible component of each of Cx, Cy, Cz and Ct- 
Since the curve Ry is singular at the point Ot with multiplicity 3, one of the inequalities 

13 41 2 3 

multo,(I?) ^ ilD ■ Lxy = — < —, nmltoAD) ^ ' ^s/ = < H 

must hold, and hence the point P cannot be the point Ot. Applying the same method to each 
of Cx and Ct, we can show that the point P can be neither Oz nor Ox. 

Since H^{¥, Op(352)) contains the monomials x'^y^^, x^'^ and z^^, it follows from Lemma [1.3.9l 
that the point P is either the point Ot or a smooth point on Cx. 

Write D = moLxy + miRx + m2Lzt + ^, where ri is an effective Q-divisor whose support 
contains none of Lxy, Rx, Rz- If "Iq 0, then mi = and hence we obtain 

D ■ Rx ^ m^Lxy ■ Rx " 



8-25 ^ ^ ^ ^ -j^g 
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Therefore, ttiq ^ Similarly, we get mi ^ Since we have 

(D - moL^y) ■ L^y = ^2-41° ^ n ' 

{D - mM ■ = i±l!^^ < A 
^ i X g 25 11 

it follows from Lemma 11.3.81 that the point P must be the point Oy. 
Suppose that m2 = 0. Then the inequality 

multOyiD) <:25D-L,t = ^<^ 
" 11 11 

gives us a contradiction. Therefore, 1712 7^ and hence the curve Rz is not contained in the 

support of D. Then 

-D.Rz^ m^Lz, ■ Rz + ""^^^-(f ^ -^2 ^5^^ 3 



25-41 z ^ z zi z 25 25 11 • 25' 

9 

5-11-41- 



and hence m2 < ■ Since 



2 + 34m2 3 
25(D - maL^t) • L^t = \^ < — 

the pair {X, ^D) is log canonical at the point Oy by Lemma ll.3.8[ This is a contradiction. □ 

Lemma 3.2.16. Let X be a quasismooth hypersurface of degree 111 in P(ll, 25, 34, 43). Then 
lct(X) = f . 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

t^y + tz"^ + xy^ + x'^z = 0. 

The surface X is singular at the points Ox, Oy, Oz, Ot- Each of the divisors Cx, Cy, Cz, and Ct 
consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) consists 
of Lxt (resp. Lyz, Ly^, Lxt) and Rx = {x = yt + z^ = 0} (resp. Ry = {y = zt + x'^ = 0}, 
R^ = {z = xy^ + = 0}, Rt = {t = y^ + x^z = 0}). Also, we see that 

Lxt riRx = {Oy}, Lyz nRy = {Ot} , Lyz □ = {Ox}, Lxt nRt = {Oz}. 

The intersection numbers among the divisors D, Lxt, Lyz, Rx, Ry, Rz, Rt are as follows: 

-Kx-Lxt = -J-rz, -Kx ■Rx = i^A^, -Kx-R ^ 



17-25' 25-43' ^ 17-43' 

2 4 4 

-Kx • = -— -Kx ■Rz = T--^, -Kx-R 



11-43' 11-25' 11-17' 

_2 _7 _2 _2 

-t'xt ■ Rx — 1 Lyz ■ -Rj/ = ; Lyz ' Rz — , Lxt ' Rt — , 
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We can easily see that lct(X, ^C^;) = ^ is less than each of the numbers lct(X, ^C^,), 
lct(X, ^Cz) and lct(X, ^Ct). Therefore, lct(X) < f . 

Suppose that lct(X) < Then there is an effective Q-divisor D —Kx such that the log 
pair {X, ^D) is not log canonical at some point P G X. 

By Lemma ri.3.5l we may assume that the support of D does not contain at least one component 
of each divisor Cx, Cy, Cz, Ct- The inequalities 

18 4 8 

17 33' 43 33 

imply that P ^ Oy. The inequalities 

2 8 4 8 

IID ■ = — < —, UD ■ = — < — 
^ 43 33' 25 33 

imply that P ^ Ox- Since the curve Rt is singular at the point Oz, the inequalities 

34Z>.L.. = ^<1, Mo.H, = A<l 
17-25 33 4 11 33 

imply that P ^ Oz- 

We write D = aiLxt + a2Lyz + a^Rx + a^Ry + a^Rz + aeRt + ^, where Q is an effective 
divisor whose support contains none of the curves Lxt, Lyz, Rx, Ry, Rz-, Rt- Since the pair 
{X, ^D) is log canonical at the points Ox, Oy, Oz, the numbers Oj are at most ^. Then by 
Lemma 11.3.81 the following inequalities enable us to conclude that either the point P is in the 
outside of Cx U Cy U Cz U Ct or P = Ot'- 



T 72 - ^61 33 .2 _ 241 

-Z;.L,,-L,,-^-^^<l, -D.Lyz-L,t-j-^^ 



33^ „ „o 161 33 „ „ . 483 

—D ■Rx-Rl = < 1, —D ■ Ry - Rl = < 1, 

8 2 -25 -43 8 ^ ^ 4 • 34 • 43 

-D-Rz- Rl ^-D-Rz = < 1, ^D-Rt-R^t^-D-Rt = -< 1. 

8 ^ 8 2-25 '8 * 8 34 

Suppose that P Ot- Then we consider the pencil C defined by \yt + /xz^ = 0, [A : /x] € P^. 

The base locus of the pencil consists of the curve Lyz and the point Oy. Let E be the unique 

divisor in C that passes through the point P- Since P U Cy U U Cf, the divisor E is 

defined by the equation = ayt, where a 7^ 0. 

Suppose that a / — 1. Then the curve E is isomorphic to the curve defined by the equations 

yt = and t^y + xy^ + z = 0. Since the curve E is isomorphic to a general curve in C, 

it is smooth at the point P- The affine piece of E defined by t 7^ is the curve given by 

z{z^ + xz'^ + x'') = 0. Therefore, the divisor E consists of two irreducible and reduced curves 

Lyz and C . We have 

394 

DC = DE-D-L 



"^'^ 11 -25 -43' 



Also, we see 

43 

C"^ = E-C -C-Lyz^E-C - {Lyz + Ry)-C = —D • C > 0. 



By Lemma ll. 3. 81 the inequality D ■ C < gives us a contradiction. 
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Suppose that a = — 1. Then divisor E consists of three irreducible and reduced curves Ly^, 
Rx, and M. Note that the curve M is different from the curves Ry and Lxt- Also, it is smooth 
at the point P. We have 

D-M = D E-D-Ly, - D Rx= , 

M'^ = E ■ M - Ly^ ■ M - Rx ■ M E ■ M - Cy ■ M - Cx ■ M > {). 

By Lemma 11.3. 81 the inequality D ■ M < gives us a contradiction. Therefore, P = Ot- 

Put D = hRx + A, where A is an effective divisor whose support does not contain Rx- By 
Lemma ll.3.6| we may assume that Rx ^ Supp(A) if 6 > 0. Thus, if & > 0, then 

2 26 

D ■ Lxt ^ oRx ■ Lxt 



25 • 34 ^ '-^ 25 ' 

Land, it f 
4 + 646 



and hence 6 ^ On the other hand, it follows from Lemma 11.3.81 that 



A-Rx> . 

25-43 33 • 43 

Therefore, 6 > -g^. Since ^ > this is a contradiction. □ 

Lemma 3.2.17. Let X be a quasismooth hypersurface of degree 226 in P(ll, 43, 61, 113). Then 
lct(X) = f§. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ yz^ + xy^ + x^^z = 0. 

The surface X is singular at the points Ox, Oy and O^. The curves Cx and Cy are irreducible. 
We have 

55 , / 2 ^ \ , / ^ 2 ^ \ 17-43 
— - let ( X, —Cx ) < let ( X, —Cy 



12 V ' 11 ; V 43 V 60 

12- 



Therefore, lct(X) ^ f§. 

Suppose that lct(X) < y|. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of the divisor D contains neither Cx nor Cy. Then the inequalities 

4 12 A 12 

QID ■Cx = — < IID-Cy = — < — 
43 55' ^ 61 55 

show that the point P must be a smooth point of X in the outside of Cx- However, since 

//'^(P, Op (671)) contains the monomials x'^^y^^, x^^ and z^^, it follows from Lemma 11.3.91 that 

the point P is either a singular point of X or a point on Cx- This is a contradiction. □ 



Lemma 3.2.18. Let X be a quasismooth hypersurface of degree 135 in P(13, 18,45,61). Then 
lct(X) = %. 

Proof. The surface X can be defined by the quasihomogeneous equation 

z^ - y^z + xt^ + x^y = 0. 
The surface X is singular at the points Ox, Oy, Ot, Qg = [0 : 1 : I 0]- 



76 



IVAN CHELTSOV, JIHUN PARK, CONSTANTIN SHRAMOV 



The curve Cx consists of two irreducible and reduced curves Lxz and Rx = {x = z'^ — = 0}. 
The curve Lxz intersects Rx at the point Ot- It is easy to check 

^2 ^ TL_ R^ = -Jl- L .R =^ 

18-61' 9-61' 61' 

Meanwhile, the curve Cy is irreducible. We have 

— = let ( X, —Cx] < let f X, —Cy] = —. 

30 v 13 ; V 18 ^; 2 



Therefore, lct(X) ^ §. 

Suppose that lct(X) < Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, Ig-D) is not log canonical at some point P. By Lemma ll.3.6| we may assume that the 
support of the divisor D does not contain the curve Cy. Similarly, we may assume that either 
Lxz <t- Supp(L') or Rx <t- Supp(i:'). 

Since the support of D cannot contain either Lxz or Rx one of the inequalities 

1 30 2 30 

imxlioAD) ^61D-Lxz = -<—, multo.iD) ^ 61D ■ Rx = - < — 

y yi y yi 

must hold, and hence the point P cannot be Ot- Also, the inequality 

13D.C7, = A<^ 
^ 61 91 

implies that the point P cannot be Ox- 

We write D = rrioLxz + n^iRx + where il. is an effective Q-divisor whose support contains 
neither Lxz nor Rx- If mo 7^ 0, then we obtain 

D ■ Rx ^ moLxz ■ Rx 



9 . 61 ^ . ... 

and hence mo ^ By the same way, we get mi ^ ^. Since 

. N . 2 + 77mo 30 , ^ „ ^ „ 2 + 32mo 30 

18 - moL^., • Lxz = TTT^ < 7TT> 9 1) - miRx) ■ Rx = < — 

bl 91 bl 91 

it follows from Lemma 11.3.81 that the point P is a smooth point in the outside of Cx- However, 
since H^{F, 0^(585)) contains x^^, x'^'^y^^, z^^, this is impossible by Lemma ll.3.9[ □ 



Lemma 3.2.19. Let X be a quasismooth hypersurface of degree 107 in P(13, 20, 29, 47). Then 
lct(X) = f . 

Proof- The surface X can be defined by the quasihomogeneous equation 

yz^ + y^t + xt'^ + x^z = 0. 



The surface X is singular at the points Ox, Oy, Oz and Ot- Each of the divisors Cx, Cy, Cz, 
and Ct consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) 
consists of Lxy (resp. Lxy, Lzt, Lzt) and Rx = {x = z^+y'^t = 0} (resp. Ry = {y = t^+x^z = 0}, 
Rz = {z = y^ + xt = 0}, Rt = {t = x^ + yz'^ = 0}). The curve Lxy intersects Rx (resp. Ry) 
only at the point Ot (resp. Oz)- Also, the curve Lzt intersects Rz (resp. Rt) only at the point 
Ox (resp. Oy). It is easy to check 
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4 6 3 

-Kx-Rv = , -Kx-Rz = , -Kx-Rt = , 

y 13.29' ^ 13-47' 5-29' 

74 „o 21 ^ „ 3 



29-47' 20-47' - 4^1' 



We see lct(X) ^ f§ since 

^ = let f X, — < — = let f X, -a^ < — = let f X, < - = let f X, —Ct 

18 V 13 y 12 V 20 V 3 V 29 y 9 V 47 

Suppose that lct(X) < j|. Then there is an effective Q-divisor D —Kx such that the 
pair (X, is not log canonical at some point P. By Lemma ll.3.6| we may assume that the 
support of D does not contain at least one irreducible component of each of the curves C^, Cy, 
Cz and Ct- The curve Rx (resp. Ry., Rt) is singular at the point Ot (resp. O^, Oj^). Then in 
each of the following pairs of inequalities, at least one of two must hold: 

47 

multo,(£») ^ 47L» - L,j, = — < — , multo,(D) —D ■ R^ 

29 

iTmlioAD) ^ 29D ■Lxy = i^<^, nmltoAD) <.—D-Ry 

multo,(I?) ^ 13L» • L^t = < ^, umltoAD) ^ ^'^D - i?^ : 

20 

Tmx\io,{D) ^ 20D .L,t = ^<^, multo,(Z?) ^ y 2^ - i?t ^ 

Therefore, the point P must be a smooth point of X. 

We write D = rnQL^y + miRx + f^, where ^2 is an effective Q-divisor whose support contains 
none of Lxy, Rx- If w-o 0) then mi = and hence we obtain 

3 no T D 3?77o 

IQ = D- Rx^ moLxy ■ Rx = 
Therefore, mo ^ jq- Similarly, we get mi ^ Since 

{D - moLxy) ■ Lxy = 29-47° ^ 65' 

6 + 21mi 18 

(D - miRx) - Rx = — < — 

^ ^ 20-47 65 

it follows from Lemma 11.3.81 that the point P is a smooth point in the outside of Cx- How- 
ever, since i/'^(P, C'p(377)) contains the monomials x^y^'^, x^^ and z^^, this is impossible by 
Lemma 11.3.91 □ 
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18 


29 


65' 
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47 


65' 
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65' 
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18 


13 


65' 
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18 


29 


65' 



Lemma 3.2.20. Let X be a quasismooth hypersurface of degree 111 in P(13, 20, 31, 49). Then 

65 

16- 



lct(X) = f . 
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Proof. The surface X can be defined by the quasihomogeneous equation 

z'^t + y'^z + xt^ + x^y = 0. 

It is singular at the point Ox, Oy, Oz and Ot- Each of the divisors C^, Cy, Cz, and Ct consists 
of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) consists of 
Lxz (resp. Lyt, Lxz, Lyt) and Rx = {x = y^ + zt = 0} (resp. Ry = {y = z"^ + xt = 0}, 
Rz = {z = + x^y = 0}, Rt = {t = x'^ + y^z = 0}). The curve Lxz intersects Rx (resp. Rz) 
only at the point Ot (resp. Oy). Also, the curve Lyt intersects Ry (resp. Rt) only at the point 
Ox (resp. Oz). It is easy to check 

1 , 2 



-^^•^- = 1^49' -^^■^^*= 13:31' -^^-^- = 31:49' 
-Kx ■ Ry = -Kx ■ Rz = -Kx ■ Rt ^ 



13-49' ^ 5-13' 10-31' 

r2 r.2_ 72_ £ 

20-49' 31-49' "" "" 49' 



We have lct(X) ^ f| since 
^ = let f X, ^Cx) < ^ = let f X, ^Cy) < ^ = let f X, ^Ct) <^- = lct(x, ^Cz) . 

16 V 13 y 4 V 20 28 V 49 7 7 V 31 V 

Suppose that lct(X) < y|. Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, y|-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of D does not contain at least one irreducible component of each of the curves Cx, Cy, 
Cz and Ct- The curve Rz is singular at the point Oy. The curve Rt is singular at Oz with 
multiplicity 3. Then in each of the following pairs of inequalities, at least one of two must hold: 

multoAD) ^13D-Lyt = — <—, mu\to.^{D) ^ 13D - Ry 

2 16 20 
multo,(I?) ^ 20D - Lxz = < multo,(i?) ^ — D - i?, 

4y DO z 

2 16 31 
multo,(D) ^31D-Lyt = — <—, mnltoAD) ^ —D ■ Rt 

13 65 3 

Therefore, the point P can be none of Ox, Oy, Oz- 

Since H^{¥, Op(403)) contains the monomials x^^y^^, x^^ and z^^, it follows from Lemma [1.3.9l 
that the point P is either the point Ot or a smooth point of X in C^;. 

Write D = mQLxz + 'miRx + ^, where is an effective Q-divisor whose support contains none 
of Lxz, Rx- If ^0 0) then rrii = and hence we obtain 

= D • Rx ^ ninLj-z ' Rr — . 

31-49 X ^ ^ xz X 

Therefore, rriQ ^ Similarly, we get mi ^ Since we have 

{D-miRx)-Rx=^-^^<- 
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it follows from Lemma 11.3.81 that the point P must be the point Ot- 
Suppose that mo = 0. Then the inequality 

1 16 

multo,(-D) ^ 49D ■ L^^ = — < — 
ut\ ; ^ ^^10 65 

gives us a contradiction. Therefore, rn-o 7^ and hence the curve Rx is not contained in the 
support of D. Then 

^ -D-Rx^ moL.. . Rx + - ^0 ^ grno ^ 16 



31-49 49 65 • 49 

and hence mo < 3^755 • Since 

. rr^ . . r 2 + 67mo 16 
49(1; - moLxz) ■ Lxz = — < — 

the pair {X, fg-D) is log canonical at the point Ot by Lemma ll.3.81 This is a contradiction. □ 

Lemma 3.2.21. Let X be a quasismooth hypersurface of degree 226 in P(13, 31, 71, 113). Then 
lct(X) = %. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ y^z + xz^ + x^^y = 0. 
It is singular at the points Ox, Oy and O^. The curves Cx and Cy are irreducible. We have 

^ = let f X, -Cx) < let ( X, -Cy) = —. 
20 V 13 y V 31 12 

Therefore, lct(X) ^ §. 

Suppose that lct(X) < |i. Then there is an effective Q-divisor D —Kx such that the 
pair {X, Ig-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of the divisor D contains neither Cx nor Cy. Then the inequalities 

4 20 4 20 

71D ■Cx = — < —, 13D-Cy = — < — 
31 91' ^ 71 91 

show that the point P is a smooth point in the outside of Cx- However, since -ff'^(P, C'p(923)) 
contains x'^^, y^^x^, y^^x'^^ and z^^, it follows from Lemma 11.3.91 that the point P is either a 
singular point of X or a point on Cx- This is a contradiction. □ 



Lemma 3.2.22. Let X be a quasismooth hypersurface of degree 99 in P(14, 17,29,41). Then 
lct(X) = fi. 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

t'^y + tz'^ + xy^ + x^z = 0. 

The surface X is singular at the points Ox, Oy, Oz, Ot- Each of the divisors Cx, Cy, Cz, and Ct 
consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) consists 
of Lxt (resp. Lyz, Lyz, Lxt) and Rx = {x = yt + z"^ = 0} (resp. Ry = {y = zt + x^ = , 
R^ = {z = xy"^ + 12 = 0} , = {t = + x^z = 0} ). Also, we see that 

Lxt riRx = {Oy}, Lyz r\Ry = {Oj, Lyz r\Rz = {Ox}, Lxt nRt = {Oz}. 
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We can easily check that lct(X, ^Cy) = is less than each of the numbers lct(X, ^Cj^), 
lct(X, ^C^) and lct(X, I^Ct). Therefore, lct(X) ^ fi. Suppose lct(X) < fi. Then, there is 
an effective Q-divisor D ~q —Kx such that the log pair {X, j^D) is not log canonical at some 
point P £ X. 

The intersection numbers among the divisors D, L^t, Lyzi Rx, Ry, Rz, Rt are as follows: 

10 



^•^-^-TtT^' ^-^--ItTIT' ^'^y-W^' 



7-41' 7-17' 7-29' 

^j, ^yz y ~ y^ ' ^z — J, ^xt • -n,* — 



j2 _ 44 2__ 54 2_ 60 



^xt 17.29' ^' 17-41' y 29-41' 

t2 _ 53 2 _ 1^ p2 _ 

1/^ ~ ^ A /II' -"-Z ~ ry IT' 



14-41' ^ 7-17' * 14-29' 
By Lemma ll.3.6l we may assume that the support of D does not contain at least one component 
of each divisor Cx, Cy, Cz, Ct- The inequalities 

17D ■ Lxt = — <—, 17D ■Rx = — < — 

29 51' 41 51 

imply that P ^ Oy. The inequalities 

2 10 2 10 

UD-Ly^ = — <—, 7D ■ Rz = — < — 



41 51 17 51 



imply that P ^ Ox- The curve Rz is singular at the point Ox- The inequalities 

2 10 29 5 10 

29Z? - Lxt = — < —, —D -Rt = — < — 
17 51 4 28 51 

imply that P ^ Oz- The curve Rt is singular at the point Oz- 

We write D = moLxt + miLyz + m2Rx + msRy + miRz + m^Rt + f^, where is an effective 

divisor whose support contains none of the curves Lxt, Lyz, Rx, Ry, Rz, Rt- Since the pair 

{X, %D) is log canonical at the points Ox, Oy, Oz, the numbers rrii are at most ^. Then by 

Lemma 11.3.81 the following inequalities enable us to conclude that either the point P is in the 

outside of Cx U Cy U Cz U Ct or P = Ot'- 

(n r W 2 + 44mo 10 2 + 53mi 10 

{D - moLxt) ■ Lxz = ^ ^, [D- niiLyz) - Lyt = ^^ ^^ ^ — , 

(n rr P) P - 4 + 54m2 ^ 10 ^ p X p _ 10 + 60m3 ^ 10 

{V - m2Rx) ■ Rx - ^j,^^ ^ ;^' i^- msRy) ■ Ry - _ ^ 

„x ^ 2-12m4 10 „s „ 10-135m5 10 
(D - TTiiRz) - Rz = ^ — , {D - mM ■ Rt = ^ —- 

Suppose that P ^ Ot- Then we consider the pencil C on X defined by Xyt + fj.z'^ = 0, 
[A : ^] G P^. The base locus of the pencil C consists of the curve Lyz and the point Oy- Let E 
be the unique divisor in C that passes through the point P- Since P ^ Cx ^ Cy U Cz U Ct, the 
divisor E is defined by the equation = ayt, where a ^ 0- 
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Suppose that a ^ — 1. Then the curve E is isomorphic to the curve defined by the equations 
yt = and t^y + xy^ + x^z = 0. Since the curve E is isomorphic to a general curve in >C, 
it is smooth at the point P. The affine piece of E defined by t 7^ is the curve given by 
z(z + xz^ + x^) = 0. Therefore, the divisor E consists of two irreducible and reduced curves Ly^ 
and C . We have the intersection number 

181 

D-C = D-E-DL 



Also, we see 



7 • 17 • 41 ' 



= E ■ C - C ■ Ly^^ E ■ C - Cy ■ C > ^ 



since C is different from Ry. By Lemma [1.3. 81 the inequality D - C < ^ gives us a contradiction. 

Suppose that a = — 1. Then divisor E consists of three irreducible and reduced curves Lyz, 
Rx, and M. Note that the curve M is different from the curves Ry and L^t- Also, it is smooth 
at the point P. We have 

153 

D-M = D- E- D-Ly, - D-Rx = , 

= E ■ M - Ly^ ■ M - Rx ■ M E ■ M - Cy ■ M - Cx ■ M > 0. 

By Lemma 11.3.81 the inequality D ■ M < ^ gives us a contradiction. Therefore, the log pair 
(X, f^-D) is not log canonical at the point Of. 

Put D = aLyz + hRx + A, where A is an effective Q-divisor whose support contains neither 
Lyz nor Rx- Then a > since otherwise we would have a contradictory inequality 



i=41Z)- V ^multo.P) > ^. 



Therefore, we may assume that Ry ^ Supp(A) by Lemma [1.3.6i Similarly, we may assume that 
Lxt t Supp(A) if 6 > 0. 
If 6 > 0, then 

2 26 

E> • Lxt ^ • Lxt = tt; ! 



17-29 17 

and hence 6 ^ Similarly, we have 



10 T-v 7~, \ 5a 6 multoj (D) — a — b 4a 
— • /t u ^ — + — H 7- > — + 



29-41 41 41 41 41 21 - 41 

Therefore, a < 27^29- 

Let vr: X ^ X he the weighted blow up at the point Ot with weights (9, 4) and let F be the 
exceptional curve of the morphism vr. Then F contains two singular points Qg and Q4 of X 
such that Qg is a singular point of type ^(1, 1), and Q4 is a singular point of type |(3, 1). Then 

28 - 4 - 9 - c 

i^x~Qvr*(i^x)-^F, L,.~Q7r*(V)--F, p, vr*(P,) - -F, A ~q 7r*(A) - -F, 

where Lj^^, Rx and A are the proper transforms of Ly^, Rx and A by tt, respectively, and c is a 
non- negative rational number. Note that F n Rx = {Qa} and F Lyz = {Qg}- 
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The log pull-back of the log pair (X, j^D) by it is the log pair 

- 51a- 516 - 51 . ^ ^ 

X, H H A + 9iF 

' 10 ^10 10 

where 

280 + 51(4a + 96 + c) 



10 • 41 

This is not log canonical at some point Q (z F. 
We have 

4 + 546 a 

^ A • i?^ 



17-41 41 4-41 
This inequality shows 4a + c ^ ^ + ^^^) • Since 6 ^ ^ , we obtain 

^ _ 280 + 51(4a + 96 + c) ^ 4760 + 51(16 + 3696) ^ ^ 



Q, and hence 



10-41 10-17-41 

51 
10^ 



Suppose that Q ^ RxU Lyz- Then the log pair (F, IgAI^) is not log canonical at the point 



17c 51 . „ 

= —A - F > 1 

120 10 



by Lemma n. 3. 81 Thus, we see that c > However, since 6 ^ ^, we obtain 



4 120 
c^4a + c^— (4 + 546) < — . 



Therefore, the point Q must be either or Qg. 

■51 
10 



Suppose that Q = Q4. The pair {Rx,{jhA + OiF)\j^^) is not log canonical at Q. It then 



follows from Lemma 11.3.81 that 



. /^51 . , ^\ 4-51 /4 + 546 a c , 

1< 4 —A + eiF] ■Rx = + 

llO / 10 V 17-41 41 4-41 ' 



4-51 /4 + 546 a c \ , 4760 + 51(16 + 3696) ^ 
' '+6'i = _ _ ^ < 1. 



However, 

4 

"10 V 17 -41 41 4-4iy ■ 10-17-41 

This is a contradiction. Consequently, the point Q must be Qq. 

Let ip: X ^ X he the blow up at the point Qg and let E be the exceptional curve of the 
morphism ip. The surface X is smooth along the exceptional divisor E. Then 

i^^~QV'*(K^)--ii;, L,,~QV*(4^)-gi?, F^QriF)--E, A~Q^*(A)--F, 

where Lyz, F and A are the proper transforms of Lyz, F and A by ip, respectively, and d is a 
non-negative rational number. 

The log pull-back of the log pair {X, j^D) by vr o is the log pair 

X, ^L^z + ^R. + + e,F + eoE 



10 ■ 10 " ■ 10 
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where Rx is the proper transform of Rx by ip and 

_ 70 + 51(a + d) + 10gi _ 3150 + 51 (45a + % + c + Aid) 
^ ~ 90 ~ 90-41 ■ 

This is not log canonical at some point O ^ E. 
We have 

- ~ _ d _2 + 53a b c d 

^ A • V - A • V - - - -j^-^ ________ 

and hence 96 + c + Aid ^ ^(2 + 53a). Therefore, this inequality together with a < 2.21^29 Si'^es 
us 

3150 + 51(45a + 96 + c + 41d) 
90-41 

_ 3150 + 2295a 51(96 + c + 41d) 

~ 90-41 ^ 90-41 

5002 + 6273a , 

^ < 1. 

10-14-41 

Suppose that the point O is in the outside of Lyz and F. Then the log pair {E, ^A\e) is not 
log canonical at the point O and hence 

, 51 r ^ bid 

However, 

9 10-41 
41cZ ^ 96 + c + Aid < Yi*^^ ^ ^^^'^ ^ 51 

since a < 5:^29 • "^^^^ is a contradiction. 

Suppose that the point O belongs to Lyz Then the log pair {E, {^Lyz + fgA)!^) is not log 



canonical at the point O and hence 



However, 



,51a ~ 51 ~ , „ 51 , 



— {a + d)^ — (a+ — ^ (2 + 53a)^ < 1 
10^ ^ 10 V 14-41 ^ 7 



since a < 2^^- '^^^^ ^ contradiction. Therefore, the point O is the intersection point of F 
and E. 

Let ^ : X — > X be the blow up at the point O and let H be the exceptional divisor of ^. 
We also let Lyz, Rx, A, E, and F be the proper transforms of Lyz, Rx, A, E and F by ^, 
respectively. We have 

~Q e{K^) + H, E^Q C{E) -H, F^Q f (^) - ^, A ~q ^ (A) - eH, 

where e is a non-negative rational number. The log pull-back of the log pair {X, fg-D) via tto^o^ 
is 

X, ^Lyz + ^Rx + + 9iF + e2E + 93h\ , 
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where 



^ 51e ^ 1980 + 51(81a + 906 + 10c + 41d + 369e) 
1 + 6^2 + — — 1 ~ 



10 90 • 41 

This log pair is not log canonical at some point A ^ H. We have 

e = A- F>0. 



9-4 9 

Therefore, Ad + 36e ^ c. Then 

1980 + 51(81a + 905 + 10c) 51(d + 9e) 



'3 = ^T-^^ + ^ 



90 • 41 90 
7920 + 51 (324a + 3606 + 81c) 



4 • 90 • 41 

_ 22 + 516 51 -81(40 + c) ^ 

~ 41 4 • 90 • 41 ^ 

22 + 516 9 • 51(2 + 276) 

^ — \ < 1 

41 5 • 17 • 41 



since 6 ^ ^ and 4a + c ^ ^(4 + 546). 

Suppose that A<^ FUE. Then 
A. Applying Lemma ll.3.4l we get 



29 """"" ' ^ 17 * 

non "Hno lr~irr t^qiv I X , 

10 



Suppose that A FUE. Then the log pair [X, j^A + O^H] is not log canonical at the point 



However, 



10 10 



1 . . , N c 1 , , , 4 + 546 10 
.<-(4<i + 36e)<-<-(4« + c)< — 



Suppose that A ^ F. Then the log pair [X, jiA + 9iF + O^H] is not log canonical at the 



Therefore, the point A must be either in F or in E. 

51 
10 

point A. Applying Lemma 11.3.41 we get 



10 J 10 V9-4 9 J 4 -90 -41 

However, 

7920 + 51(324a + 3606 + 81c) 

^ < 1 

4 • 90 • 41 

as seen in the previous. Therefore, the point A is the intersection point of H and E. Then the 
log pair (^X, j^A + + OsH^ is not log canonical at the point A. From Lemma 11.3.41 we 
obtain 

-, f^'^X n Tr\ ^ 51,^ , ^ 1980 + 51(81a + 906 + 10c + 410(i) 

1 < —A + 6^3^ ■ E = — (d - e) + 03 = ^ -. 

I 10 / 10 ^ ^ 90-41 
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However, 

1980 + 51(81a + 906 + 10c + AlOd) _ 220 + 459a 51(96 + c + Aid) ^ 

90 • 41 ~ 10-41 ^ 9 • 41 ^ 

220 + 459a 51(2 + 53a) 

^ \ < 1 

10-41 14-41 

since 96 + c + 41(i ^ ^(2 + 53a) and a < 2.21^29 • '^^^ obtained contradiction completes the 
proof. □ 

3.3. Sporadic cases with / = 3 

Lemma 3.3.1. Let X be a quasismooth hypersurface of degree 33 in P(5, 7, 11, 13). Then 
lct(X) = f . 

Proof. The surface X can be defined by the quasihomogeneous equation 



+ yf + xy'^ + x^t + ex^yz = 0, 



where e € C. Note that the surface X is singular at Ox, Oy and Ot- 
The curves Cx, Cy are irreducible. Moreover, we have 

^=lct(X,^C.)>lct(X,^C,) = ^. 

Therefore, lct(X) ^ §. 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D —Kx such that the 
pair {X, ||-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of D contains neither Cx nor Cy. Since the curve Cy is singular at the point Ot, the 
three inequalities 

^ 13 49 91 49 

show that the point P is located in the outside of the set Cx U Cy. 
Let C be the pencil on X that is cut out by the equations 

Ax^ + /xy^ = 0, 

where [A : fi] € P^. Then the base locus of the pencil C consists of the point Ot- Let C be the 
unique curve in C that passes through the point P. Since the point P is in the outside of the set 
Cx U Cy, the curve C is defined by an equation of the form y^ — ax"^ = 0, where a is a non-zero 
constant. Suppose that C is irreducible and reduced. Then multp(C) ^ 3 since the curve C is 
a triple cover of the curve 



/ - ax^ = C P(5, 7, 13) ^ Proj (c [x, y, t 



In particular, lct(X, ^C) > ||. Thus, we may assume that the support of D does not contain 
the curve C and hence we obtain 

§<n™M«).0-C = l<|. 

This is a contradiction. Thus, to conclude the proof it suffices to prove that the curve C is 
irreducible and reduced. 



86 IVAN CHELTSOV, JIHUN PARK, CONSTANTIN SHRAMOV 

Let 5 C be the affine variety defined by the equations 

y5 _ Q,a;7 ^ ^3 _^ _^ ^^4 _^ ^4^ _^ g^3y^ = Q C = Spec(c[x , y , z , t]^. 

To conclude the proof, it is enough to prove that the variety S is irreducible. 
Consider the projectivised surface 5 of S defined by the homogeneous equations 

y^w"^ - ax^ = z^w^ + yt'^w'^ + + xH + ex^yz = C P"^ = Proj (c [x, y, z, t, 



Then we consider the affine piece S' of S defined by y ^ 0. The affine surface S' is defined by 
the equations 

- ax'^ = z^w"^ + t^w'^ + x + xH + ex^z = C = Spec(c[x, z,t,w 

This is isomorphic to the affine hypersurface defined by 

x{ax^z^ + ax^t'^ + l + x^t + ex^z) = C = Spec(^C[x, z, tj^ 

This affine hypersurface has two irreducible components. However, the component defined by 
X = originates from the hyperplane section oi S hy w = Therefore, the original affine 
surface S must be irreducible and reduce. □ 



Lemma 3.3.2. Let X be a quasismooth hypersurface of degree 40 in P(5, 7, 11, 20). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

t{t - x'^) + yz^ + xy^ + ex^y^z, 

where e G C. Note that X is singular at the points Ox, Oy, Oz and = [1 : : : 1]. 
The curve Cx is irreducible. We have 

lct(X,-C.) = -. 

Therefore, lct(X) ^ y|. Meanwhile, the curve Cy is reducible. It consists of two irreducible 
components Lyt and Ry = {y = t — x'^ = 0}. The curve Lyt intersects Ry only at the point Oz- 
It is easy to see 

^yt - ^y- --^^ ^yt ' - 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, yI-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of D does not contain the curve Cx- Moreover, we may assume that the support of D 
does not contain either Lyt or Ry since 



, 3^ , 35 25 
lc.(X,-C,) = ->-, 



Then one of the inequalities 



umMoAD) ^ IID -Lyt = -<—, mnlto^{D) ^ UD ■ Ry = - < — 
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must hold, and hence the point P cannot be the point O^- Also, since 7D ■ C'x = ^ < the 
point P cannot belong to the curve Cx- 

We write D = aLyt + hRy + fi, where Vt is an effective Q-divisor whose support contains 
neither Lyt nor Ry. If a 7^ 0, then we have 

— = D -Ry^ aLyt '^y = Y[- 

Therefore, a ^ ^. By the same way, we also obtain ^ ^ ^• 
Since we have 

T ^ T 3 + 13a 18 ,^ , „ , ^ 3 + 13a 18 
b{D - aLyt) ■ Lyt = < — , 5{D - bRy) ■ Ry = < — 

Lemma fl . 3 . 81 implies that the point P is in the outside of Cy. Consequently, the point P is located 
in the outside of CxUCy. However, since H^(F, 0^(40)) contains monomials , xy^ , x'^t and the 
natural projection X P(5,7, 20) is a finite morphism outside of the curve Cy, Lemma 11.3.91 
shows that the point P must belong to the set Cx U Cy. This is a contradiction. □ 

Lemma 3.3.3. Let X be a quasismooth hypersurface of degree 95 in P(ll, 21, 29, 37). Then 
lct(X) = ^. 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

t'^y + tz^ + + x^z = 0. 

The surface X is singular at the points Ox, Oy, Oz, Ot- Each of the divisors Cx, Cy, Cz, and Cj 
consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) consists 
of Lxt (resp. Ly^, Lyz, Lxt) and Rx = {x = yt + z'^ = 0} (resp. Ry = {y = zt + x^ = 0}, 
R^ = {z = xy^ + = 0}, Rt = {t = y'^ + x^z = 0}). Also, we see that 

Lxt nRx = {Oy}, Lyz r\Ry = {Ot}, Lyz r\ R z = {Ox}, Lxt nRt = {Oz}. 

It is easy to check that lct(X, ^C^) = ^ is less than each of the numbers lct(X, ^Cy), 
lct{X, ^Cz) and lct(X, §fCt). Therefore, lct(X) < ^. 

Suppose that lct(X) < Then, there is an effective Q-divisor D ~q —Kx such that the log 
pair {X, ^D) is not log canonical at some point P €z X. 

The intersection numbers among the divisors D, Lxt, Lyz, Rx, Ry, Rz, Rt are as follows: 

1 „ „ 2 „ „ 18 



D ■ Lq.f — , D ■ Rt — , D ■ R,i — , 

7-29' 7-37' ^ 29-37' 

3 2 12 

D-Lyz = -rr^, D-Rz = ^-rr, D ■ Rt 



11-37' 7-11' 11-29' 

^ T N --^ T N T 

2^1^ 1 ^yz ' ^y — 1 ^yz ■ J^z — ^xt ■ J^t — 



t2 _ 47 2_ 52 2_ 48 



^* 21-29' 21-37' y 29-37' 

45 16 104 

11-37' 11-21' * 11-29' 
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By Lemma [1.3.6l we may assume that the support of D does not contain at least one component 
of each divisor Cx, Cy, Cz, Ct- The inequahties 

21D ■ Lxt = — < —, 21D ■R^ = — < — 

29 11 37 11 

imply that P ^ Oy. The inequalities 

3 4 2 4 

IID ■ Lyz = — < nD Rz = -< — 

^ 37 11 7 11 

imply that P ^ Ox- The inequalities 

1 4 29 3 4 

2SD.L^, = -<-. -D.R, = -<- 

imply that P ^ Oz- The curve Rt is singular at the point Oz with multiplicity 4. 

We write D = m^Lxt + miLyz + m2Rx + m^Ry + m^Rz + m^Rt + where Q is an effective 
divisor whose support contains none of the curves Lxt, Lyz, Rx, Ry, Rz, Rt- Since the pair 
{X, ^D) is log canonical at the points Ox, Oy, Oz, the numbers mi are at most Then by 
Lemma 11.3.81 the following inequalities enable us to conclude that either the point P is in the 
outside of Cx U Cy U Cz U Ct or P = Ot'- 

rn r w 3 + 47mo 4 3 + 45mi 4 

[D - moLxt) ■ Lxt = ^ Yi' "^iV) • ^yz = ^-^ ^ ' 

{D-m2Rx)-R.= ^-^^^-, {D-msRy)-Ry='-^±^^^, 
\ z X) X 21-37 11^ ^ 29-37 11' 

{D-m,Rz).Rz = ^-^^^-, {D-raM-Rt=^^^^^^^-- 

\ z, z 11 . 21 ^ 11' ^ t; t 11 . 29 11 

Suppose that P ^ Ot- Then we consider the pencil C defined by Xyt + jiz^ = 0, [A : ^\ G P^. 
The base locus of the pencil C consists of the curve Lyz and the point Oy- Let E be the unique 
divisor in C that passes through the point P- Since P C^; U Cy U Cz U C^, the divisor E is 
defined by the equation = ayt, where a 7^ 0. 

Suppose that a 7^ —1. Then the curve E is isomorphic to the curve defined by the equations 
yt = and t^y + xy^ + x^z = 0. Since the curve E is isomorphic to a general curve in C, 
it is smooth at the point P- The affine piece of E defined by t 7^ is the curve given by 
z{z + xz''^ + x^) = 0. Therefore, the divisor E consists of two irreducible and reduced curves Lyz 
and C. We have the intersection number 

169 



D-C = D-E-D-L 

Also, we see 



7-11-37' 



C'^ = E-C-C-Lyz^E-C-CyC>0 

4 



since C is different from Ry- The multiplicity of D along the curve C is at most since the 
intersection number C • Cf is positive and the pair {X, ^D) is log canonical along the curve Ct- 
Then by Lemma 11.3.81 the inequality D ■ C < gives us a contradiction. 
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Suppose that a = —1. Then divisor E consists of three irreducible and reduced curves Ly^, 
Rx, and M. Note that the curve M is different from the curves Ry and Lxt- Also, it is smooth 
at the point P. We have 

147 

D-M = D-E-D-Ly^-D-Rx = , 

M"^ = E ■ M - Ly^ ■ M - Rx ■ M E ■ M - Cy ■ M - Cx ■ M > 0. 

The multiplicity of D along the curve M is at most since the intersection number M ■ Ct 
is positive and the pair {X, ^D) is log canonical along the curve Ct- By Lemma 11.3.81 the 
inequality D ■ M < gives us a contradiction. Therefore, P = Ot- 

Put D = aLyz + bRx + A, where A is an effective Q-divisor whose support contains neither 
Lyz nor Rx- Then a > since otherwise we would obtain an absurd inequality 

^ = 37Z) • Ly, ^ multoAD) > ^. 

Therefore, we may assume that Ry <f. Supp(A) by Lemma [1.3.61 

If 5 > 0, the curve Lxt is not contained in the support of D, and hence 

3 2h 
— D ■ Lxt ^ bRx ■ Lxt ^ 



21-29 21 

58- 



Therefore, 6 ^ Similarly, we have 



18 n ^ multot (D) — a — b 5a 
— iJ • it,, ^ — + — H — > t:^ ~^ 



29-37 ^ 37 37 37 37 11 - 37' 



82 



and hence a < 5.1^.29- 

Let tt: X ^ X he the weighted blow up of the point Ot with weights (13,4) and let F be 
the exceptional curve of the morphism vr. Then F contains two singular points Q13 and Q4 of 
X such that Qis is a singular point of type ^^(1,2) and is a singular point of type |(3, 1). 
Then 

Kj^ ~Q 7T*iKx) - V ~Q 7T*{Ly,) - Rx ~Q TT* {Rx) " ^F, A ~Q 7r*(A) - ^F, 

where Lyz, Rx and A are the proper transforms of Lyz, Rx and A by vr, respectively, and c is a 
non-negative rational number. 

The log pull-back of the log pair {X, ^D) by vr is the log pair 

- 11a- 116 - 11 ^ ^ 
X, —Ly, + —Rx + —A + eiF 

where 

ll(4a + m + c) + 80 

4T37 • 

This pair is not log canonical at some point Q (z F. We have 

0<A.R " ^ 



21-37 37 4-37' 
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This inequality shows 4a + c ^ + 526). Then 

_ ll(4a + c) 1436 20 11 1436 20 _ 1944 + 52916 

^ ~ 4-37 4-37 37 ^ 21 • 37^^ + 52) + + 37 ~ 4 ■ 21 • 37 ^ ^ 

since 6 ^ Note that F Ci = {Qa} and F n Z^^ = {Q13}. 

Suppose that the point Q is neither (^4 nor Q13. Then the pair (X, + F) is not log 
canonical at the point Q. Then 

11c 11 -r „ 

— A-F > 1 



16-13 4 

by Lemma 11.3.41 However, c^4a + c^^(6 + 526). This is a contradiction since 6 ^ 
Therefore, the point Q is either Q4 or Q13. 

Suppose that the point Q is the point Q4. Then the log pair (X, + + ^1-^) is not 

log canonical at the point Q. It then follows from Lemma 11.3.41 that 

However, 



4 / V 21 • 37 37 4-37 



,'6 + 526 a c \ ^ 1944 + 52916 
11 TTT^TTT - ttt; - + 6^1 = , < 1. 



21-37 37 4-377 4-21-37 

Therefore, the point Q must be the point Q13. 

Let (j): X ^ X he the weighted blow up at the point Qi^ with weights (1,2). Let G be the 
exceptional divisor of the morphism (f>. Then G contains one singular point Q2 of the surface X 
that is a singular point of type |(1, 1). Let Lyz, Rx, A and F be the proper transforms of Lyz, 
Rx, A and F by </>, respectively. We have 

~Q riKji) - ^G, Lyz ~Q r (V) - ^G, F ~Q </.*(F) - ^G, A ~q 0*(A) - ^G, 

where d is a non-negative rational number. The log pull-back of the log pair {X, ^D) via it o cj) 



IS 



where 



X, ^Lyz + ^Rx + + OiF + 



11 , „ 6*1 10 1560 + ll(78a + 136 + c + 37d) 
(2a + d) + — + - 



4-13' ' 13 13 4-13-37 
This log pair is not log canonical at some point O € G. We have 

o^A-v = ^±i^-l ^ i 

^ 11-37 37 13-37 13 
We then obtain 136 + c + 37d ^ ^[3 + 45a). Since a < 57^29' 

1560 + ll(78a + 136 + c + 37(i) 1560 + 858a 3 + 45a 



72 



4-13-37 ^ 4 - 13 - 37 4 - 37 ^ 
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Note that F nG = Q2 and Q2 ^ Ly-^- Suppose that O ^ F\JLy-^. The log pair [x, + Gj 
is not log canonical at the point O. Applying Lemma ll.3.4l we get 

11 ~ lid 

and hence d > ji- However, d ^ -^(136 + c + STd) ^ J^fi'^ + 45a). This is a contradiction 

82 
511-29' 



since a < ^.f^nq • Therefore, the point O is either the point Q2 or the intersection point of G 



and Lyz- In the latter case, the pair yX, ^^Lyz + + 92Gj is not log canonical at the point 
O. Then, applying Lemma 11.3.41 we get 

11 ~ , ^\ ~ 11 /3 + 45a b c d 

—A + 02G • = — 

4 / ^ 4 V 11 • 37 37 13-37 13 



However, 



11/3 + 450 b c d\ ^ 11 /3 + 45a\ 1560 + 858a 



4 V 11 -37 37 13-37 13 7 4 V H • 37 / 4-13-37 

since a < 57^29- Therefore, the point O must be the point Q2- 

Let X — > X be the blow up at the point Q2 and let H be the exceptional divisor of ^. 
We also let Lyz, Rx, A, G, and F be the proper transforms of Lyz, Rx, A, G and F by ^, 
respectively. Then X is smooth along the exceptional divisor H. We have 

Kji ~Q C{K^), G ~Q r(G) - \h, F ~q r (F) - iif, A ~Q r(A) - 

where e is a non-negative rational number. The log pull-back of the log pair (X, ^D) via -Koifto^ 
is 

11a ~ 116^ 11 

where 

_ 6*1 + 6*2 lie _ 2600 + ll(130a + 1826 + 14c + 37d + 481e) 

^ ~ 2 ^~ ~ 8-13-37 
This log pair is not log canonical at some point A ^ H. We have 

^ ' A-F>0. 



X, —Ly, + —Rx + — A + OiF + e2G + 93H 



13-4 13-2 2 

Therefore, 2d + 26e ^ c. Then 



_ 2600 + ll(130a + 1826 + 14c) ll(d+13e)^ 

7'^ = ^ ^ 

8-13-37 8-13 

^ 5200 + ll(260a + 3646 + 65c) _ 

^ 16 - 13 - 37 ~ 

_ 5200 + 40046 11 - 65(4a + c) ^ 

~ 16 - 13 - 37 ^ 16 - 13 - 37 ^ 

100-1- 776 5-11(6 + 526) 2430 + 44776 

< \ ^ = < 1 

4-37 4-21-37 4-21-37 



since 6 ^ ^ and 4a + c ^ + 526). 
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Suppose that A ^ FuG. Then the log pair (^X, + O^H^ is not log canonical at the point 
A. Applying Lemma ll.3.4t we get 



However, 



11 lie 
1<—A-H=—. 
4 4 



1 , , , c 1 , , 4(6 + 526) 4 



Therefore, the point A must be either in F or in G. 

Suppose that A F. Then the log pair (^X, + 6iF + OsH^ is not log canonical at the 
point A. Applying Lemma 11.3.41 we get 



4 J 4 V4-13 2-13 2 J 16 • 13 • 37 

However, 

5200 + ll(260a + 3646 + 65c) _ 400 + 11 ■ 286 11 ■ 5(4a + c) ^ 2430 + 44776 ^ 

16 • 13 • 37 ~ 16 • 37 16 • 37 ^ 4 • 21 • 37 ^ 

Therefore, the point A is the intersection point of H and G. Then the log pair 
11 

4 

/II;; ^ \ ' 11 /d e\ ^ 2600 + ll(130a + 1826 + 14c) 77d 
1 < —A + 93H] - G = — {---] + 03 = ^„ + 



X, ^A + 92G + O3H ) is not log canonical at the point A. From Lemma ll.3.4( we obtain 



^4 J 4 \2 2J 8 -13 -37 4-13 

However, 

2600 + ll(130a + 1826 + 14c) 77d _ 100 + 55a 77(136 + c + 37d) ^ 121 + 370a ^ 
8 • 13 • 37 ^ 4-13 ~ 4 • 37 4 ■ 13 • 37 ^ 4-37 ^ 

since a < ^.ii.2q and 136 + c + 37d ^ ^^(3 + 45a). The obtained contradiction completes the 
proof. □ 



Lemma 3.3.4. Let X be a quasismooth hypersurface of degree 196 in P(ll, 37, 53, 98). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ yz^ + xy^ + x^^z = 0. 

It is singular at the points Ox, Oy and O^. The curves Gx and Gy are irreducible. We have 

55 , /^.. 3 ^ \ , 3 ^ \ 37-5 

let X, —Gr < let X, — C„ 



18 '"^ \"' 11 "7 ~ V"" 37 ^ j 26 
and hence lct(X) < ff. 

Suppose that lct(X) < y|. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, fl-D) is not log canonical at some point P. By Lemma ll.3.6| we may assume that the 
support of the divisor D contains neither Gx nor Gy. Then the inequalities 

_ 6 18 . _ 6 18 



EXCEPTIONAL DEL PEZZO HYPERSURFACES 



93 



show that the point P is a smooth point in the outside of Cx- However, since //'^(P, Op (583)) 
contains the monomials x^^, y^^x^^ and z^^, it follows from Lemma 11.3.91 that the point P is 
either a singular point of X or a point on Cx- This is a contradiction. □ 



Lemma 3.3.5. Let X be a quasismooth hypersurface of degree 95 in P(13, 17, 27, 41). Then 
lct(X) = f . 

Proof. The surface X can be defined by the quasihomogeneous equation 

z^t + y^z + xt^ + x^y = 0. 

The surface X is singular at the point Ox, Oy, Oz and Ot- Each of the divisors Cx, Cy, Cz, 
and Ct consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) 
consists of Lxz (resp. Lyt, Lxz, Lyt) and Rx = {x = y"^ + zt = 0} (resp. Ry = {y = z"^ + xt = 0}, 
Rz = {z = + x^y = 0}, Rt = {t = x^ -\- y^z = 0}). The curve Lxz intersects Rx (resp. Rz) 
only at the point Ot (resp. Oy). Also, the curve Lyt intersects Ry (resp. Rt) only at the point 
Ox (resp. Oz). 

It is easy to check 

3 14 
-Kx ■ Lxz = — — 77, —Kx ■ Lyt = 77—77;^ —Kx ■ Rx 



17-41' ' 9-13' 9-41 

6 „ 6 „ 2 



-Kx ■ Ry = , -Kx ■ Rz = , -Kx ■ Rt 



13-41' 13-17' 3-17' 



17-41' 13-27' 27-41' ^ 13-41' 13-17 

2_16 _4 _2 _2 _2 

— 3TY7 ' '^^^ ' ~ 41 ' ' ~ 13 ' ' '^■^ ~ 17 ' ^* ~ 9 ' 
We have lct(X) ^ || since 

65 , /^^ 51 , 3^\ 41 , 3^\ 21 , 3 ^ 

— = let X, — C^i. < — = let X, — C„ < — = let X, — Ct < — = let X, — 

24 V 13 y 12 V 17 / 8 V 41 7 4 V 27 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, §|-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of D does not contain at least one irreducible component of each of the curves Cx, Cy, 
Cz and Ct- The curve Rz is singular at the point Oy. The curve Ct is singular at Oz with 
multiplicity 3. Then in each of the following pairs of inequalities, at least one of two must hold: 

1 24 

umlioSD) ^13D-Lyt = -<—, multojD) ^ 13D - Ry -- 

9 d5 

3 24 17 

multo,(£') ^ 17D -Lxz = -:<—, multo,(I)) ^ —D - Rz 

41 bo 2 

3 24 27 
multo,(i^) ^27D-Lyt = — <—, umMoAD) —D ■ Rt 

Therefore, the point P can be none of Ox, Oy, Ot. 



6 


24 

<65' 


41 


3 


24 

<65 


13 


6 


24 
<65' 


17 
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Put D = m^Lxz + fniLyt + m2Rx + nT-sRy + m^Rz + m^Rt + ^, where Q is an effective Q- 
divisor whose support contains none of Lxz, Lyt, Rx, Ry, Rz, Rt- Since the pair {X, ^D) is log 
canonical at the points Ox, Oy, Oz, we have ^ || for each i. Since 

m r w 3 + 55mo ^ 24 3 + 37mi 24 

12 + 56m2 24 , , 6 + 48m3 24 

iD-m2Rx)-R.= ^^.^^ - "^'^y^ ■ = 65' 

6 - 28m4 24 , , 2 - 16^5 24 

(L> - mM ■ Rz = (D- m^Rt) ■ Rt = — 

^ ' 13-17 65^ ^ 3-17 65 

Lemma 11.3.81 implies that the point P cannot be a smooth point of X on Cx L) Cy L) Cz D Ct- 
Therefore, the point P is either a point in the outside of U U U Ct or the point Ot- 

Suppose that the point P is not the point Ot- We consider the pencil C on X defined by the 
equations Xxt + /iz^ = 0, [A : /u] E P^. Then there is a unique curve Za in the pencil C passing 
through the point P. Since the point P is located in the outside of Cx U U Cj, the curve Za 
is defined by an equation of the form 

xt + az^ = 0, 

where a is a non-zero constant. Note that any component of Ct is not contained in Z^. The 
open subset Z^ \ Ct is a Z4i-quotient of the affine curve 

X + az"^ = + y'^z + X + x^y = C = Spec(c[x,y, z]J 

that is isomorphic to the plane affine curve defined by the equation 

z(/ + (1 - a)z + a^z^y) = C ^ Spec(c [y, . 

Therefore, if a ^ 1, then the curve Z^ consists of two irreducible components Lxz and C^- On 
the other hand, if a = 1, then the curve Za consists of three irreducible components Lxz, Ry, 
and Ci- Since P C^. U U U Ct, the point P must be contained in C^ (including a = 1). 
Also, the curve Cq is smooth at the point P. By Lemma 11.3.61 we may assume that Supp(L') 
does not contain at least one irreducible component of the curve Za- 

Write D = mCa + F, where F is an effective Q-divisor whose support contains Cq.. Suppose 
that m 7^ 0. If a 7^ 1, then we obtain 

^ ■ -l^xz ^ rriL^a ■ ^xz 



17 . 41 -^^ " " -^^ 17 . 41 

Tf ^, — 

109- 



and hence m ^ j^g. If a = 1, then one of the inequalities 

3 T ^ T 92m 6 Ti ^ 11m 

= D ■ Lxz ^ mC^ ■ Lxz = , = D ■ R,, > mCi • i?,, = 

17-41 17-41' 13-41 y y 41 

must hold, and hence m ^ j^j^- We also see that 



D-Ca 

Also, if a 7^ 1, then 



531 

D-{Za- Lxz) = i^.ij.^i if a 7^ 1, 

33 

D ■ {Za- Lxz - Ry) = if a = 1. 
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Cq, — Zd • Ca — Lxz ■ Ca ^ Zqi ■ Ca ~ {Lxz + Rx) ' Ca — ' 

If Q = 1, 

Cl = Za ■ Ci — {Lxz + Ry) ■ Ci ^ Za ■ Ci — [L^z + R-x + Lyt + Ry) ■ Ci = 8D ■ Ci. 
In both cases, we have > 0. Since 

24 

{D - mCa) ■Ca^D-Ca< — 

00 

Lemma 11.3.81 gives us a contradiction. Therefore, the point P must be the point Ot- 
If Lxz is not contained in the support of D, then the inequahty 

3 24 

multo,P)^41Z)-L,, = -<- 

17 DO 

is a contradiction. Therefore, the irreducible component Lxz must be contained in the support 
of D, and hence the curve Rx is not contained in the support of D. Put D = aLxz + bRy + A, 
where A is an effective Q-divisor whose support contains neither Lxz nor Ry. Then 

4 n R > r R ^ multo,(D)-fl 3a 24 
- D ■ Rx^ aLxz ■ Rx H > — + 



9 . 41 X ^ X. ^ . 41 41 • 65 

and hence a ^ If 6 7^ 0, then Lyt is not contained in the support of D. Therefore, 

1 _ _2b 

■^—^ = D ■ Lyt^ bRy ■ Lyt = — , 

and hence b ^ jg. 

Let tt: X ^ X he the weighted blow up at the point Ot with weights (1, 4) and let F be the 
exceptional curve of the morphism vr. Then F contains one singular point (^4 of X such that 
Q4 is a singular point of type |(3, 1). Then 

36 - 4 - 1 - c 

K^^Q7r*{Kx)-^F, Lxz-Q7r*iLxz)-^F, n* (Ry) - -F, A ~q 7r*(A) - -F, 

where Lxz, Ry and A are the proper transforms of Lxz, Ry and A by vr, respectively, and c is a 
non-negative rational number. Note that F D Ry = {Q4,}- 

The log pull-back of the log pair {X, ^D) by vr is the log pair 

- 65a - 656 - 65 ^ ^ 

X, Lxz^ Rv^ A + OiF 

' 24 24 ^ 24 

where 

_ 864 + 65(4a + 6 + c) 
01 = 



24 • 41 

This is not log canonical at some point Q (z F. We have 

-T T 3 + 55a b c 

A- Lxz = • 

17-41 41 41 

This inequality shows 6 + c ^ 17 + 55a) . Since a ^ ^ , we obtain 

864 + 260a 65(6 + c) ^ 864 + 260a 65(3 + 55a) _ 121 + 65a ^ 

^ ~ 24-41 24 • 41 ^ 24-41 17 ■ 24 ■ 41 ~ 8-17 ^ 
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Suppose that the point Q is neither nor the intersection point of F and L^^. Then, the 
point Q is not in Lxz U Ry. Therefore, the pair (X, ||A + F) is not log canonical at the point 
Q, and hence 

65 - ^ 65c 

But 6 + Tfi^ + 55a) < since a ^ Therefore, the point Q is either (^4 or the 
intersection point of F and Lxz- 

Suppose that the point Q is the intersection point of F and L^z- Then the point Q is in L^z 
but not in Ry. Therefore, the pair (^X,Lxz + |fA + ^i-F) is not log canonical at the point Q. 
Then 

1 /65- ^ \ - 65 /3 + 55a b + c\ „ 121 + 65a 
1 < —A + 9iF\ ■Lxz = — { -T^-^-, JT- + 



24 / 24 V 17-41 41 y 8-17 

However, this is impossible since a ^ Therefore, the point Q must be the point Q4. 

Let ip: X ^ X he the weighted blow up at the point (^4 with weights (3, 1) and let E be the 
exceptional curve of the morphism iIj. The exceptional curve E contains one singular point O3 
of X. This singular point is of type |(1,2). Then 

K^r^QriKji), Ry^Qr{Ry)-lE, F^Qr{F)-\E, A~qV*(A)-^£;, 

where Ry, F and A are the proper transforms of Ry, F and A by ip, respectively, and d is a 
non-negative rational number. 

The log pull-back of the log pair {X, ||D) by vr o is the log pair 

65a ~ 656 - 65 r _ ~ _ ^ 

X, —Lxz + -^Ry + ^A + + 

where 

^ 65(» + d) 1 

^ 4-24 4 ^ 
This is not log canonical at some point O E E. 
We have 

^ r ~ V = d 6 + 486 4a + c d 
O^ARy = ARu = , 

y "^4 13.41 4.41 4' 

and hence 4a + c + 41d ^ ^ (6 + 486) . Therefore, this inequality together with 6 ^ ^ gives us 

65(36 + d) 864 + 65(4a + 6 + c) 
U2 = -. — ^r:; h ~ 



4-24 4 • 24 • 41 

864 + 80606 + 65(4a + c + 41d) 
4 • 24 • 41 



6 + 556 
^^^<^- 

Suppose that the point O is in the outside of Ry and F. Then the log pair [E, ^A\e) is not 
log canonical at the point O, and hence 

, 65 ~ ^ 65d 

1 < —A - E = . 

24 72 
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However, 



4 41-72 

41d ^ 4a + c + 41d ^ — (6 + 486) < 

13 65 



since b ^ This is a contradiction. 

Suppose that the point O belongs to Ry Then the log pair (^E, (^^Ry + f|A 
canonical at the point O, and hence 



E 



is not log 



656 -- 65 X 



1 < + :7tA • S = — 6 + - 



24 



24 



65 



24 



d 



However, 



65 
24 



6 + 



d 



65 
24 



6 + 



(6 + 486) < 1 



3 • 13 • 41 

since 6 ^ ^. This is a contradiction. Therefore, the point O is the point O3 which is the 

intersection point of E and F. 

Let X ^ X he the weighted blow up at the point O with weights (1, 2) and let H be the 
exceptional divisor of ^. The exceptional divisor H contains a singular point of X. This singular 
point is of type ^(1, 1). We have 

~Q C{Kj^), E ~Q CiE) - \h, F C{F) - \h, a ~q r(A) - ^H, 



where E, F, A, be the proper transforms of E, F, A by ^, respectively, and e is a non-negative 
rational number. The log pull-back of the log pair {X, H-D) via tt o '0 o ^ is 

65a 656 65 ^ - \ 

X, -^L,, + —Ry + ^A + e^F + d2E + e^Hj , 

where L^z and Ry are the proper transforms of L^z and Ry by ^, respectively, and 

e^ = -(291 + 62) + ^^. 

6 ^ ^ ^ 3-24 

This log pair is not log canonical at some point H. We have 

^i-^ii^decde 

^ A- F = A- F = , 

12 3 4 12 3' 



and hence d + 4e ^ 3c. Then 

6 3^ ^ 3-24 



3^ 65(36 + c?) 65e 

= = — C'l -| 1 ^ 

4 3-4-24 3-24 

_ 2592 + 65(12a + 446 + 3c) 65(d + 4e) 
~ 3 • 32 • 41 ^ 3 ■ 4 • 24 

^ 2592 + 65(12a + 446 + 3c) 65c _ 
^ 3 • 32 • 41 ^ 4-24 ~ 

2592 + 65(12a + 446 + 44c) 



3 • 32 • 41 



216 + 65a 65 • 11(3 + 55a) 321 + 1040a , 
^ h „ „ \_ = „ „ < 1 



8-41 



3 • 8 • 17 • 41 



3 • 8 • 17 
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since b + c ^ + 55a) and a ^ 

Suppose that A ^ FUE. Then the log pair (^X, ||A + O^H ) is not log canonical at the point 
A. Applying Lemma 11.3.41 we get 



However, 



24 48 



1 , , ^ , 3c 3 „ , 3(3 + 55a) 48 



Therefore, the point A must be either in F or in £' 

65 
24 



Suppose that A £ F. Then the log pair (X, ||A + 9iF + 63H) is not log canonical at the 



point A. Applying Lemma 11.3.41 we get 

1 < f + 9,h) • F = § f ^ - ^ - I V ^3 - '''' ^ ^ ''^ ^ '"'^ 

However, 



24 " / 24 V 4 12 3 / 3 • 32 • 41 



2592 + 65(12a + 44b + 44c) ^ 321 + 1040a ^ 
3 • 32 • 41 ^ 3- 8- 17 ^ 

Therefore, the point A is the intersection point of H and E. Then the log pair 
X, 11 A + 92E + O^H] is not log canonical at the point A. From Lemma ll.3.4t we obtain 



1 < 2 f gA + Osh] ■E='J,('4-^]+0s= '''' + '^^11" + + + 



V24 7 24 V 3 37 3 • 32 • 41 32 

However, 

2592 + 65(12a + 446 + 3c) 65d _ 648 + 7156 65(4a + c + ild) ^ 12186 + 215156 ^ 
3 • 32 • 41 "32" ~ 3 • 8 • 41 ^ 32 • 41 ^ 17 • 24 • 41 ^ 

since b ^ ^ and 4a + c + 41d ^ ^(6 + 486). The obtained contradiction completes the proof. □ 

Lemma 3.3.6. Let AT be a quasismooth hypersurface of degree 196 in P(13, 27, 61, 98). Then 
lct(A) = %. 

Proof. The surface X can be defined by the quasihomogeneous equation 

f + y^z + xz^ + x^^y = 0. 

The surface X is singular at the points Ox, Oy and Oz- The curves Cx and Cy are irreducible. 
We have 

- = let f X, -Cx] < let ( X, -Cy] = -. 
30 V 13 7 \ 27 2 

Therefore, let (A) < |i. 

Suppose that let (A) < Then there is an effective Q-divisor D ~(q —Kx such that the 
pair (A, fg-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of the divisor D contains neither the curve Cx nor the curve Cy . Then the inequalities 

9 91 ^ 61 91 
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show that the point P is a smooth point in the outside of C^- However, H^{¥, C'p(793)) contains 
^61^ y26^7^ yi3^34 ^13^ follows from Lemma 11.3.91 that the point P must be a singular 
point of X or a point on Cx- This is a contradiction. □ 



Lemma 3.3.7. Let X be a quasismooth hypersurface of degree 148 in P(15, 19, 43, 74). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ yz^ + xy^ + x'z = 0. 

The surface X is singular at the points Ox-, Oy and Oz- The curves Cx, Cy and Cz are irreducible. 
We can see that 

Therefore, lct(X) f|. 

Suppose that lct(X) < Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, fl-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of the divisor D contains none of Cx-, Cy, Cz- Note that the curve Cy is singular at the 
point Oz- The inequalities 

43 57 2 ^ 5 57 95 57 

show that the point P is located in the outside of Cx U Cy L) Cz- 

Now we consider the pencil £ on X defined by the equations Xz"^ + fj,xy^ = 0, [A : ^] G P^. 
Then there is a unique member C in £ passing through the point P. Since the point P is located 
in the outside of CxUCyUCz, the curve C is cut out by the equation of the form xy^ + az"^ = 0, 
where a is a non-zero constant. Since the curve C is a double cover of the curve defined by the 
equation xy^ + az^ = in P(15, 19, 43), we have multp(C) ^ 2. Therefore, we may assume that 
the support of D does not contain at least one irreducible component. If a 7^ 1, then the curve 
C is irreducible, and hence the inequality 

6 14 

^ ^ 5-19 57 

is a contradiction. If a = 1, then the curve C consists of two distinct irreducible and reduced 
curve Ci and C2. We have 

Put D = aiCi + 026*2 + A, where A is an effective Q-divisor whose support contains neither Ci 
nor C2. Since the pair {X, j^D) is log canonical at Ox, both oi and 02 are at most ^. Then a 
contradiction follows from Lemma 11.3.81 since 

{D - a,Ci) ■Ci^D-Ci = < ^ 

5-19 57 

for each i. □ 



D -01 = -02 = — TT, Cl = Cl 
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3.4. Sporadic cases with / = 4 

Lemma 3.4.1. Let X be a quasismooth hypersurface of degree 24 in P(5, 6, 8, 9). Then lct{X) = 
1. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ yt^ - / + ex'^yz + x^t = 0, 

where e € C. The surface X is singular at the points Ox, Ot, Q2 = [0 : 1 : 1 : 0] and 
Q3 = [0:1:0:1]. 

The curves C^, Cy, Cz and Ct are all irreducible. We have 

1 = let {x, < let (x, ^Cx) =l<lct (x, 



and let (X, \Ct) > 1. Therefore, lct(X) < 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~(Q —Kx such that the pair 
{X, D) is not log canonical at some point P. By Lemma ll.3.6| we may assume that the support 
of the divisor D contains none of the curves Cx, Cy, Cz and Ct- Also, the curve Cy is singular at 
the point Ot with multiplicity 3 and the curve Ct is singular at the point Ox ■ Then the following 
intersection numbers show that the point P is located in the outside of the set C^; U U U Ct: 

2 9 4 16 5 

iD-Cx = -<l, -D-Cy = -<1, D-Cz = — <1, -D-Ct = l. 

Now we consider the pencil C on X defined by the equations Xxt + nyz = 0, where [A : 
fj] £ F^. There is a unique member Z in the pencil £ passing through the point P. Since 
P ^ Cx D Cy L) Cz ^ Ct, the divisor Z is defined by an equation of the form 

xt = ayz, 

where a is non-zero constant. Note that the curve Cx is not contained in the support of Z. The 
open subset Z \ Cx of the curve Z is a Zs-quotient of the affine curve 

t - ayz = + yt^ + y^ + eyz + t = C = Spec(^C [y, z, t] 

that is isomorphic to the plane affine quintic curve Z' given by the equation 

z^ + a^y^z^ + / + (e + a)yz = c C'^ = Spec^C [y, ; 

This affine plane curve Z' is irreducible and hence the curve Z is also irreducible. The multiplicity 
of Z at the point P is at most 3 since the quintic Z' is singular at the origin. This implies that 
the log pair {X, ^Z) is log canonical at the point P. Thus, we may assume that Supp(Z)) does 
not contain the curve Z by Lemma ll.3.6i Then we obtain a contradictory inequality 

28 

— = D- Z;? multp(D) > 1. 
45 

□ 



Lemma 3.4.2. Let X he a quasismooth hypersurface of degree 30 in P(5,6,8, 15). Then 
lct(X) = 1. 
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Proof. The surface X can be defined by the quasihomogeneous equation 

t{t - x^) -y^ + yz^ + ex^y^z = 0. 

The surface X is singular at the points Ox, Oz, Q5 = [1 ■ ■ : 1], Q3 = [0 : 1 : : 1] and 
Q2 = [0 : 1 : 1 : 0]. 

The curve Cx is irreducible. However, the curve Cy consists of two irreducible curves Lyt and 
L = {y = t — x^ = 0}. It is easy to check 

l = lct <lct =1 

Therefore, lct(X) 1. 

Suppose that lct(X) < 1. Then there is an effective Q-divisor D ~q —Kx such that the pair 
{X, D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the support 
of the divisor D does not contain the curve Cx- Similarly, we may assume that the support of 
D does not contain either Lyt or L. 

We have the following intersection numbers for Lyt and L: 

4t = -^^ = -45' ^yf^ = ^- 

Since H^(F, Op (30)) contains the monomials y^, yz^ and t^, it follows from Lemma [1.3.9l that 
the point P is either a singular point of X or a point on Cy. However, since ?,D-Cx = \< 1, 
the point P must belong to the curve Cy. 

Since the support of D does not contain either Lyt or L, one of the inequalities 

4 4 
vmiltoAD) !^ 8D ■ Lyt = - < 1, multoJD) ^ 8Z) • L = - < 1 

5 5 

must hold, and hence the point P cannot be the point Oz- 

We put D = kL + mLyt + A, where A is an effective Q-divisor whose support contains neither 
L nor Lyt. If /c 7^ 0, then m = and 

1 3k 
— = D ■ Lyt ^ kL ■ Lyt = —. 

Therefor, k ^ By the same way, we can also obtain m ^ Then, by Lemma 11.3.81 the 
inequalities 

5{D -kL)-L = — - — < 1, 5(L» - mLyt) ■ Lyt = < 1 

o o 

show that the point P cannot belong to the curve Cy. This is a contradiction. □ 

Lemma 3.4.3. Let X be a quasismooth hypersurface of degree 45 in P(9, 11, 12, 17). Then 
lct(X) = g. 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

t'^y + y^z + xz^ = 0. 

It is singular at the points Oy, Oz, Ot, and the point = [1 : : — 1 : 0]. The curve Cx consists 
of two irreducible and reduced curves Lxy and Rx = {x = t'^ + y'^z = 0}. The curve Cy consists 
of two irreducible and reduced curves Lxy and Ry = {y = z^ + x^ = 0}. The curves Cz and Ct 
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are irreducible and reduced. It is easy to check that lct(X, ^C^) = |g is less than each of the 
numbers lct(X, fC^), lct(X, ^C,) and lct(X, ^Ct). 

Suppose that lct(X) < Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, -^D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of D contains neither nor Cf- Similarly, we may assume that the support of D does 
not contain either L^y or Rx- Also, we may assume that the support of D does not contain 
either Lxy or Ry. Then in each of the following pairs of inequalities, at least one of two must 
hold: 

multo,(D) ^12D-Lxy = ^<^, multoAD) ^ 12D ■ Rx = ^ < 

1 60 17 4 60 

mnltoAD) ^ 17D ■Lxy = -<—, mnltoAD) ^ —D ■ Ry = - < —. 

Therefore, the point P can be neither nor Ot- The curve is singular at the point Oy. 
Then the inequalities 

lio.c, = i2<™, 3«.Q = A<™ 

2 17 77 11 77 

imply that the point P cannot belong to U Cf. 
We can see that 

_ 1 _ 2 _ 4 _ 1 

Lxy • L) — — —, Rx ■ D — — , Ry ■ D — - —, Lxy ■ Rx — q, 



xy -y xy ^2-17' ^ 33' ^ 3 •17' 

If we write D = nLxy + A, where A is an effective Q-divisor whose support does not contain 
the curve Lxy, then we can see that n ^ ^ since D • Rx ^ nRx • Lxy for n ^ 0. By Lemma [1.3.8l 
the inequality 



IT t2 ^ 4 + 25n 60 

(Lxy ■ D - nL,y) = -j^^ < 



implies that the point P cannot belong to the curve Lxy By the same method, we see that the 
point P must be in the outside of Rx- 

If we write D = mRy + Vt, where is an effective Q-divisor whose support does not contain 
the curve Ry, then we can see that ^ m ^ ^ since D ■ Lxy ^ mRy ■ Lxy for m 7^ 0. By 
Lemma 11.3.81 the inequality 

{RyD-mRl)^RyD<^^ 

implies that the point P cannot belong to the curve Ry 

Now we consider the pencil £ on X cut out by Xt^ + ^ly^z = 0. The base locus of the pencil C 
consists of three points Oy, Oz, and Q. Let F be the member in C defined by + y'^z = 0. The 
divisor F consists of two irreducible and reduced curves Rx and E = {t^ + y^z = + z^ = 0}. 
The curve E is smooth in the outside of the base points. We have 

33 



Since 

25 

E^ = F-E-Rx-E^F-E- {Lxy + Rx) ■ E = —D ■ E, 
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the self-mtersection E is positive. We write D = kE + F, where F is an effective Q-divisor 

IgZ?) is log canonical at the point Oy, 

77- 



whose support does not contain the curve E. Since (X, '^D) is log canonical at the point Oy 
the non-negative number k is at most By Lemma ri.3.8( the inequality 



{E-D- kE^) <^E-D = — < — 
^ ' 33 77 

implies that the point P cannot belong to the curve E. 

So far we have seen that the point P must lie in the outside of Cx D Cy L) Cz D Ct U E. In 
particular, it is a smooth point. There is a unique member C in C which passes through the 
point P. Then the curve C is cut out by = ay'^z where a is a constant different from and 
— 1. The curve C is isomorphic to the curve defined by y^z + xz^ + = and = y'^z. The 
curve C is smooth in the outside of the base points and the singular locus of X by the Bertini 
theorem, since it is isomorphic to a general curve in the pencil C. We claim that the curve C is 
irreducible. If so then we may assume that the support of D does not contain the curve C and 
hence we obtain 

multp(D) <^C-D = — <—. 
^ ^ 33 77 

This is a contradiction. 

For the irreducibility of the curve C, we may consider the curve C as a surface in defined 
by the equations y^z + xz^ + = and = y'^z. Then, we consider the surface in defined 
by the equations y^ zw + xz'^w + = and t^w = y'^z. We take the affine piece defined by t 7^ 0. 
This affine piece is isomorphic to the surface defined by the equation y^zw + xz^w + x^ = and 
w = y'^z in C^. It is isomorphic to the irreducible hypersurface y^z'^ + xy'^z^ + x^ = in C^. 
Therefore, the curve C is irreducible. □ 



Lemma 3.4.4. Let X be a quasismooth hypersurface of degree 75 in P(10, 13, 25, 31). Then 
lct(X) = §. 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

t^y + z^ + xy^ + x^z = 0. 



It has singular points at O^, Oy, Ot and Q = [— 1:0:1:0]. The curve Cx and Ct are 
irreducible and reduced. The curve Cy (resp. Cz) consists of two irreducible reduced curves Lyz 
and Ry = {y = z"^ + x^ = 0} (resp. Rz = {y = t'^ + xy^ = 0}). It is easy to see that 

4 91 4 4 4 
lct(X, —Cy) = — < lct(X, —Cx) < lct(X, —Cz) < lct(X, —Ct). 

^ 13 60 ^ ' 10 ^ ^ ' 25 ^ ^ 31 ^ 

Also, we have the following intersection numbers: 

2 4 4 
—Kv ■ L^iz = , —Kx ■ Rn = 1 ~Kx ■ R7 = 1 

5 . „ 1 ,0 37 ^2 12 12 



Lyz ■ Ry — , Lyz ■ Rz — p., Ly^ — ir, 01 ' ~ r 01 ; 



31' " 5' 10-31' ' 5-31' " 5-13 

Suppose that lct(X) < |g. Then, there is an effective Q-divisor D ~(q —Kx such that the 



log pair {X, '^D) is not log canonical at some point P ^ X. Since the curves Cx and Ct are 
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irreducible we may assume that the support of D contains none of them. The inequahties 

91 91 

show that the point P must he in the outside of U Ct \ {Ox, Ot}. 

By Lemma ll.3.6t we may assume that the support of D does not contain either Lyz or Ry. If 
the support of D does not contain Lyz, then the inequality 

2 60 
311) ■ Lyz = - < — 
y 5 91 

shows that the point P cannot be Ot- On the other hand, if the support of D does not contain Ry, 
then the inequality 

2 ^ 5 91 

shows that the point P cannot be Ot- Note that the curve Ry is singular at the point Ot- We 
use the same method for Cz = Rz + Lyz so that we can see that the point P cannot be Ox- 

We write D = mRy + where is an effective Q-divisor whose support does not contain 
the curve Ry- Then we see ^ ^ since the support of D does not contain either Lyz or Ry 
and D ■ Lyz ^ mRy ■ Lyz - Since Ry ■ D — mRy < |y , Lemma 11.3.81 implies that the point P is 
located in the outside of Ry. Using the same argument for Lyz , we can also see that the point 
P is located in the outside of Lyz- Also, the same method shows that the point P is located in 
the outside of Rz- Consequently, the point P must lie in the outside of Cx U Cy U Cz D Ct- 

Now we consider the pencil C on X cut out by Xt^ + jixy^ = 0. The base locus of the pencil C 
consists of three points Ox, Oy, and Q. Let F be the member of C defined by + xy^ = 0. The 
divisor F consists of two irreducible and reduced curves Rz and E = {t^ + xy^ = z'^ + x^ = 0}. 
The curve E is smooth in the outside of Sing(X). We have 

8 

E ■ D 



5 • 13 
Since 



37 

E^ = F-E-Rz-E;?F-E- {Lyz + Rz)-E = —D ■ E, 



whose support does not contain the curve E- Since {X, ^D) is log canonical at the point Oy 
the non-negative number k is at most 1?. By Lemma ll.3.8| the inequality 



4 

the self-intersection E'^ is positive. We write D = kE + T, where F is an effective Q-divisor 

IgD) is log canonical at the point Oy, 

T^TT T ommo II 

91 ■ 

{E-D- kE^) ^E-D = ^ < — 
^ ' 5-13 91 

implies that the point P cannot belong to the curve E. 

So far we have seen that the point P must lie in the outside of Cx D Cy U Cz U Ct U E. In 
particular, it is a smooth point. There is a unique member C in C which passes through the 
point P- Then the curve C is cut out by t"^ = axy'^ where a is a constant different from 
and —1. The curve C is isomorphic to the curve defined by xy^ + + x^z = and t'^ = xy^. 
The curve C is smooth in the outside of the base points and the singular locus of X by Bertini 
theorem, since it is isomorphic to a general curve in the pencil C- We claim that the curve C is 
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irreducible. If so then we may assume that the support of D does not contain the curve C and 
hence we obtain 

multp(L>) <^C -0 = < —. 

^ ^ 5-13 91 

This is a contradiction. 

For the irreducibihty of the curve C, we may consider the curve C as a surface in defined 
by the equations xy^ + + x^z = and = xy^. Then, we consider the surface in defined 
by the equations xy^ + if^z^ + x^z = and t'^w^ = xy^. We then take the affine piece defined by 
y ^ 0. This affine piece is isomorphic to the surface defined by the equation x + w^z^ + x^z = 
and t'^w^ = X in C^. It is isomorphic to the hypersurface defined by t^tw^ + w^z^ + t^^w^^z = 
in C^. It has two irreducible components w = and t'^+z^+t^^w^'^z = 0. The former component 
originates from the hyperplane at infinity in P^. Therefore, the curve C must be irreducible. □ 

Lemma 3.4.5. Let X be a quasismooth hypersurface of degree 71 in P(ll, 17, 20, 27). Then 
lct(X) = ^. 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

t^y + y^z + xz^ + xH = 0. 

The surface X is singular at the points Ox, Oy, Oz, Ot- Each of the divisors Cx, Cy, Cz, and Cj 
consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) consists 
of Lxy (resp. Lxy, Lzt, Lzt) and Rx = {x = y'^z + t"^ = 0} (resp. Ry = {y = x^t + z^ = 0}, 
Rz = {z = x"^ + yt = 0}, Rt = {t = y^ + xz"^ = 0}). Also, we see that 

Lxy n Rx = {Oz}, Lxy f) Ry = {Ot} , Lzt ^Rz = {Oy}, Lzt ^ Rt = {Ox}- 

One can easily check that lct(X, ^Cx) = ^ is less than each of the numbers lct(X, ^Cy), 
lct{X, fCz) and lct{X, fCt). Therefore, lct(X) ^ ^. Suppose lct{X) < ^. Then, there is 
an effective Q-divisor D ~(q —Kx such that the log pair {X, ^D) is not log canonical at some 
point P € X. 

The intersection numbers among the divisors D, Lxy, Lzt, Rx, Ry, Rz, Rt are as follows: 

12 4 
D ■ Lx„ = - — — , D ■ Rx = - — — , D ■ R., 



5-27' ^' 5-17' ^ 9-11' 

D-Lzt = -^, D-Rz = -^^, D-Rt ^ 



11-17' ^ 17-27' 5-11' 

Lxy ■ Rx = Yg' '^^y ' ~ g' "^^^ ' ~ ' '^^^ ' ~ Yl 

r2 — ^'^ p2 _ 3 2 _ 2 

-tJ^,, — ~— — TTZ, -K™ — — ■- — — , it,, 



20-27' ^ 5-17' y 3-11' 

9 24 n 28 n 21 

Zt — 1 1 1 -7 ) ^Z — 1 ^7 O'T ' 



11-17' ^ 17-27 ' 20-11 
By Lemma [1.3.6l we may assume that the support of D does not contain at least one component 
of each divisor Cx, Cy, Cz, Ct- Since the curve Rt is singular at the point Ox and the curve Ry 
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is singular at the point Ot with multiphcity 3, in each of the fohowing pairs of inequaUties, at 
least one of two must hold: 

4 6 11 3 6 

mnltoAD) ^ IID • = - < -, multojl?) ^ ' ^* = < n' 

multo, (D) ^20D-L,y = ^<^, multo, (D) ^ 20D ■ = ^ < 

1 6 27 4 6 

multo,(I?) ^ 27D .L,y = -<—, uinltoAD) ^ " = < n- 

Therefore, the point P can be none of Ox, Oz, Ot- 

Suppose that the point P is the point Oy. We then put D = mLzt + A, where A is an effective 
Q-divisor whose support does not contain the curve Lzt- If m = 0, then 

multo,(I?) i^nD-Lzt = ^<-^. 

This is a contradiction. Therefore, m > 0, and hence the support of D does not contain the 
curve Rz- Since 

16 ^ „ 4m multo„(-D) - m 3m 6 



17-27 17 17 17 11-17 



we obtain m < 370:27 • However, we obtain 

iv^n r ^ r 4 + 24m 6 
17{D - mLzt) ■ Lzt = — > — 

from Lemma ll.3.81 This is a contradiction. Therefore, the point P is a smooth point of X. 

We write D = a^Lxy + aiLzt + cl2Rx + a^Ry + 04-^2 + o-^Rt + ^, where is an effective 
Q-divisor whose support contains none of the curves Lxy, Lzt, Rx, Ry, Rz, Rt- Since the pair 
{X, ^-D) is log canonical at the points Ox, Oz, Ot, the numbers aj are at most Then by 
Lemma ll.3.81 the following inequalities enable us to conclude that the point P is in the outside 

of CxUCyUCzU Ct- 

{D - aoLxy) - Lxy = ^ ^11' ~ "^i-^-^*) ■ ^ \\ - 17^ ^ 11' 
(O - a./;.) . ii,. = < A - „3K,) . ii, = < A, 

(z,_„.^,).fi, = l^±^<A, (i>-„,fl.).j;.= '^-^^°^^<A. 

V 42; 17-27 11^ ' 20-11 11 

We consider the pencil L defined by \iy + [ix^ = 0, [A : /u] G P^. The base locus of the pencil 
C consists of the curve Lxy and the point Oy. Let E be the unique divisor in L that passes 
through the point P . Since P ^ C^,. U U U Cf, the divisor E is defined by the equation 
ty = ax'^, where a 7^ 0. 

Suppose that a ^ —1. Then the curve E is isomorphic to the curve defined by the equations 
ty = and x^t + y^z + xz^ = 0. Since the curve E is isomorphic to a general curve in C, 
it is smooth at the point P. The affine piece of E defined by t 7^ is the curve given by 
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x{x'^ + x^^z + z^) = 0. Therefore, the divisor E consists of two irreducible and reduced curves 

^ 5 -17 -27' 



Lxy and C. We have 



33 

C = E ■ C — Lxy • C ^ E ■ C — Lxy ' C — Rx ■ C = ~rD • C > 0. 



4 

By Lemma fl. 3. 81 the inequahty D ■ C < ^ gives us a contradiction. 

Suppose that a = —1. Then divisor E consists of three irreducible and reduced curves Lxy, 
Rz, and M. Note that the curve M is different from the curves Rx and Lzt- Also, it is smooth 
at the point P. We have 

D-M = D- E- D-Lxy-D-Rz = 

xy ^ 5 . 27' 



= E ■ M - Lxy ■ M - Rz ■ M E ■ M - Cx ■ M - Cz ■ M = —D • M > 0. 



13 

T 

By Lemma 11.3.81 the inequality D ■ M < ji gives us a contradiction. □ 

Lemma 3.4.6. Let X be a quasismooth hypersurface of degree 79 in P(ll, 17, 24, 31). Then 
lct(X) = fl . 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

t^y + tz^ + xy'^ + x^z = 0. 

The surface X is singular at the points Ox, Oy, Oz, Ot- Each of the divisors Cx, Cy, Cz, and Ct 
consists of two irreducible and reduced components. The divisor Cx (resp. Cy, Cz, Ct) consists 
of Lxt (resp. Lyz, Lyz, Lxt) and Rx = {x = yt + z'^ = 0} (resp. Ry = {y = zt + x^ = 0}, 
R^ = {z = xy^ + = 0}, Rt = {t = y'^ + x^z = 0}). Also, we see that 

Lxt nRx = {Oy}, Lyz nRy = {Ot}, Lyz H = {Ox}, Lxt nRt = {Oz}. 

One can easily check that lct(X, ^C^;) = H is less than each of the numbers lct{X, -^Cy), 
lct(X, ^C^) and lct{X, ^Ct). Therefore, lct{X) ^ f|. Suppose lct(X) < f|. Then, there is 
an effective Q-divisor D ~q —Kx such that the log pair {X, ^D) is not log canonical at some 
point P e X. 

The intersection numbers among the divisors D, Lxt, Lyz, Rx, Ry, Rz, Rt are as follows: 

18 5 

D ■ Lq-t = , D ■ Rt = , D ■ Rii = , 

6-17 17-31 ^ 6-31' 

4 8^ 
D-Lyz = -rr^, D-Rz = -rr-r^, D ■ Rt 



11-31' 11-17' 3-11' 

2 _ 5 _ 2 _ 1 

ip^, Lyz ■ Ry — —, Lyz ■ Rz — — ' ^Xt ■ Rt — 
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By Lemma [1.3.6l we may assume that the support of D does not contain at least one component 
of each divisor Cx, Cy, Cz, Ct- The inequahties 

1 16 8 16 

17D . = - < — , 17D .R, = — < — 

o 66 61 66 

imply that P ^ Oy. The inequalities 

4 16 8 16 

IID ■ Lyz = — < —, nD-Rz = — < — 

^ 31 33 17 33 

imply that P ^ Ox- Since the curve Rt is singular at the point Oz with multiplicity 4 the 

inequalities 

24 16 24 4 16 

24D ■ Lxt = < — , —D ■Rt = — < — 

6-17 33 4 11 33 

imply that P ^ Oz- 

We write D = aiLxt + 02-^^2 + cl-^Rx + a4,Ry + a^Rz + a&Rt + ^, where is an effective 
Q-divisor whose support contains none of the curves Lxt-, Lyz, Rx-, Ry, Rz, Rt- Since the pair 
{X, is log canonical at the points Ox, Oy, Oz, the numbers a, are at most Then by 
Lemma 11.3.81 the following inequalities enable us to conclude that either the point P is in the 
outside of Cx U Cy U Cz U Ct ot P = Ot'- 

^D-Lxt-Ll, = j^^<l, ^D-Rx-Rl = j^^^<l, ^D-Ry-Rl = ^<l, 

^D-Lyz-Ll= <1, ^D-Rz-Rl = <1, ^D-Rt-R^ = ^^<l- 

16 ^ 4 -11 -31 16 2 -11 -17 16 * 3 • 8 • 11 

Suppose that P ^ Ot- Then we consider the pencil C defined by Xyt + /iz^ = 0, [X : fi] £ . 
The base locus of the pencil C consists of the curve Lyz and the point Oy- Let E be the unique 
divisor in C that passes through the point P- Since P ^ Cx U Cy U Cz ^ Ct, the divisor E is 
defined by the equation z'^ = ayt, where a / 0. 

Suppose that a / — 1. Then the curve E is isomorphic to the curve defined by the equations 
yt = and t^y + xy'^ + x^z = 0. Since the curve E is isomorphic to a general curve in C, 
it is smooth at the point P. The affine piece of E defined by t 7^ is the curve given by 
z{z + xz''' + x^) = 0. Therefore, the divisor E consists of two irreducible and reduced curves Lyz 
and C- We have the intersection numbers 

564 2 

D ■ C = D ■ E — D ■ L,,z = , C ■ L^iz = E ■ L^.z — L^,, = — . 

11 • 17 • 31 11 



Also, we see 



C"^ = E -C -C ■ Lyz>^. 



By Lemma ll. 3. 81 the inequality D ■ C < ^ gives us a contradiction. 

Suppose that q = — 1. Then divisor E consists of three irreducible and reduced curves Lyz, 
Rx, and M. Note that the curve M is different from the curves Ry and Lxt- Also, it is smooth 
at the point P. We have 

4 • 119 

D-M = D-E-D-Lyz-D-Rx = , 

yz X 11.17.31' 

M'^ = E ■ M - Lyz ■ M - Rx ■ M E ■ M - Cy ■ M - Cx ■ M = 5D ■ M > 0. 
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By Lemma n. 3. 81 the inequality D ■ M < ^ gives us a contradiction. Therefore, P = Ot- 

We write D = aLyz + hRx + A, where A is an effective divisor whose support contains neither 
Lyz nor Rx- Note that we already assumed that the support of D cannot contain either Lyz 
or Ry. If the support of D contains Ry, then it does not contain Lyz- However, the inequality 
31Z) • Lyz = n ^ M shows that P ^ Ot- Therefore, the support of D does not contain the curve 
Ry. The inequality D ■ L^t ^ hRx ■ L^t implies 6 ^ On the other hand, we have 

5 r\ r, ^ multot {D) — a — b 4a 16 

— D-Ry^ — + — -\ — > TTT + 



6-31 ^ ^ 31 31 31 31 31 • 33' 

and hence a < -j^. 

_ 4-bb 

Let TT : X ^ X he the weighted blow up of Ot with weights (7, 4) and let F be the exceptional 
curve of vr. Then 

20 - 4 - 7 - c 

~Q 7T*iKx) - -F, Lyz ~Q 7T*{Lyz) - -F, Rx ~Q 7r*iRx) - -F, A ~q 7r*(A) - -F, 

where A, Lyz, Rx are the proper transforms of A, Lyz, Rx, respectively, and c is a non-negative 
rational number. The curve F contains two singular points Qj and Q4 of X. The point Qj is a 
singular point of type y(l, 1) and the point Q4 is of type |(1, 3). Note that the curve Rx passes 
through the point Q4 but not the point Q7. The curve Lyz passes through the point Q7 but not 
the point Q4. 

The log pull-back of the log pair {X, f|-D) by vr is the log pair 



16' 

- 33a - 336 - 33 - ^ ^ 



where 

^ 33(4a + 76 + c) + 320 

C'l = . 

16-31 

This pair is not log canonical at some point Q F. We have 

8 + 406 a 



Oi^A-Rr 



This inequality shows 4a + c ^ ^ (8 + 406) . Then 



17-31 31 4-31 



33 4a + c + 2316 + 320 6496 + 92076 

6*1 = — ^ ^ < 1 

16-31 16-17-31 

since 6 ^ ^. 

Suppose that the point Q is neither the point Q7 nor the point Q4. Then the log pair 
(X, y|A + is not log canonical at the point Q. Then 

^A-F>1 



16 - 28 16 

by Lemma 11.3.41 However, c^4a + c^^(8 + 406). This is a contradiction since 6 ^ 
Therefore, the point Q is either the point Qj or the point Q4. 
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Suppose that the point Q is the point Q4. This point is the intersection point of F and R^- 

Then the log pair (X, -^-Rx + y|A + ^iF) is not log canonical at the point Q. It then follows 

from Lemma 11.3.41 that 

./^33-, , ^\ 33-4 /8 + 406 a c \ , 

1< 4 —A + eiF] ■R^ = + Oi. 

lie / 16 V 17 -31 31 4-31/ 



33-4 /8 + 406 a c \ ^ 6496 + 92076 

+ 0i= _ _ < 1. 



However, 

a 

"I6 V17-31 31 4-3iy ' 16-17-31 
Therefore, the point Q is the point Qj. This point is the intersection point of F and Ly^. 

Let (j): X ^ X he the blow up at the point Qj. Let G be the exceptional divisor of the 
morphism (j). The surface X is smooth along the exceptional divisor G. Let Lyz, Rx, A and F 
be the proper transforms of Lyz, Rx, A and F by (j), respectively. We have 

~Q <P*iKji) - ^G, Ly, ~Q - \g, F <P*{F) - Ig, a ~q c/>*(A) - ^G, 

where d is a non-negative rational number. The log pull-back of the log pair (X, via it o (p 
is 

33a = 336 ~ 33 ~ . ~ „ ^ 

X, L„2 H Rx H A + OiF + 6*2^ 

^ ' 16 ^ 16 16 

where 

33 , „ 01 5 2800 + 33(35a + 76 + c + 31(i) 
^2 = ^(a + d) + - + - = ^. 

This log pair is not log canonical at some point O (z G. We have 

~ ~ 4 + 38a 6 c d 

^ A - L„2 = . 

^ 11-31 31 7-31 7 

We then obtain 76 + c + 31d ^ ^(4 + 38a). Since a ^ we see 

^ 2800 + 33(35a + 76 + c + 31(i) 4532 + 3069a 

= ^ < 1. 

7-16-31 11-16-31 

Suppose that O ^ F U Lyz- The log pair (^X, ^A + is not log canonical at the point O. 
Applying Lemma II. 3. 4^ we get 

, 33- ^ 33d 

1 < —A - G = , 

16 16 

and hence d > However, d ^ ^(76 + c + 31(i) ^ ibsi ("^ + 38a). This is a contradiction since 
a ^ Therefore, the point O is either the intersection point of G and -F or the intersection 

point of G and Lyz- In the latter case, the pair (^X, ^^Lyz + y|A + 02^*^ is not log canonical 

at the point O. Then, applying Lemma 11.3.41 we get 

/^33~ ^\ ~ 33 /4 + 38a 6 c d\ ^ 

1 < —A + 6I2G ] ■ Ly^ = — { +6*2. 

VI6 y ^ 16 V 11 -31 31 7-31 7j 

However, 

33 /4 + 38a 6 c d\ ^ 4532 + 3069a 

+ 02= < 1. 



16 V 11-31 31 7-31 7 11-16-31 
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Therefore, the point O must be the intersection point of G and F. 

Let ^: X — > X be the blow up at the point O and let H be the exceptional divisor of ^. 
We also let Ly^, Rx, A, G, and F be the proper transforms of Ly^, Rx, A, G and F by ^, 
respectively. Then X is smooth along the exceptional divisor H. We have 

r (i^x) - ^' ~Q e{G) -H, F^Q e{F) - ^, A ~Q r (A) - eH, 

where e is a non-negative rational number. The log pull-back of the log pair {X, ^D) via 110(1)0^ 
is 

X, ^L,. + ^^Rx + ^ A + e,F + e^G + e-sH 



where 



33e 1568 + 33(63a + 565 + 8c + 31d + 217e) 

1 + 6*2 + — - 1 - 



16 7 ■ 16 • 31 

This log pair is not log canonical at some point A ^ H. We have 

c d 



J = A • F ^ 0. 
28 7 



Therefore, Ad -\- 28e ^ c. 
Then 



1568 + 33(63a + 56b -H 8c) 33 • 31(c; + 7e) ^ 

7 • 16 • 31 ^ 7- 16-31 ^ 

6272 + 33(252a + 2246 63c) _ 

4- 7- 16 -31 ~ 

_ 6272 + 73926 33 ■ 63(4a + c) ^ 

~ 4 •7- 16-31 ^ 4 ■ 7 • 16 • 31 ^ 

28 + 336 9 • 33(1 + 56) 773 + 20466 

^ \ ^ = < 1 

2-31 2 -17 -31 2 -17 -31 



since 6 ^ and 4a + c ^ + 406). In particular, 63 is a positive number. 

Suppose that A ^ FuG. Then the log pair ^X, ||A + BsH^ is not log canonical at the point 
A. Applying Lemma ll.3.4[ we get 



However, 



16 16 



1 . . , X c 1 , ^ , 4(8 + 406 4 

e ^ — 4d + 28e ^ — ^ — 4a + c < ^ — . 

28^ ^ 28 28^ ^ ;L7-28 11 



Suppose that A £ F. Then the log pair (X, y|A + 9iF + O^H] is not log canonical at the 



Therefore, the point A must be either in F or in G. 

33 

16 

point A. Applying Lemma ll.3.4t we get 

/^33 ^ \ ^ 33 / c d \ 6272 + 33(252a + 2246 + 63c) 

1 < I T77A + ' F = — [ — — -z — G ] + "3 ~ 



VI6 J 16 V 28 7 J 4- 7 - 16-31 
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However, 

6272 + 33(252a + 2246 + 63c) ^ 773 + 20466 ^ 
4 •7- 16 -31 ^ 2- 17-31 ^ 

Therefore, the point A is the intersection point of H and G. Then the log pair 

33 
IE' 

. /^33;^ ^ .A A 33,^ , ^ 1568 + 33(63a + 566 + 8c + 248d) 
1 < —A + 9zH ] ■ G = — {d - e) + - 



X, j|A + 92G + O^H] is not log canonical at the point A. From Lemma ll.3.4( we obtain 



16 J 16' ' 7 -16 -31 



However, 



1568 + 33(63a + 566 + 8c + 2A8d) _ 224 + 297a 33(76 + c + 31d) ^ 320 + 1209a ^ 
7- 16 • 31 ~ 16 • 31 2 •7- 31 ^ 16 ■ 31 ^ 

since a < and 76 + c + 31d ^ ^(4 + 38a). The obtained contradiction completes the 
proof. □ 



Lemma 3.4.7. Let X be a quasismooth hypersurface of degree 166 in P(ll, 31, 45, 83). Then 
lct(X) = f. 

Proof. The surface X can be defined by the quasihomogeneous equation 

f + yz^ + + x^^z = 0. 

The surface X is singular only at the points Ox, Oy and Oz- The curves Gx and Gy are 
irreducible. We have 

55 , 4 ^ \ , 4 ^ \ 13-31 

^ = lct [X,-Gx)<l.i[x,-Gy 

Therefore, lct(X) ^ f . 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, H-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of the divisor D contains neither Gx nor Gy. Then the inequalities 

8 24 8 24 

AbD ■Gx = — < IID ■ Gy = — < — 
31 55' ^ 45 55 

show that the point P is a smooth point in the outside of Gx- However, H^{¥, Op(495)) contains 
the monomials x^^ , y^^x^'^ and z^^, it follows from Lemma 11.3.91 that the point P is either a 
singular point of X or a point on Gx- This is a contradiction. □ 



Lemma 3.4.8. Let X be a quasismooth hypersurface of degree 71 in P(13, 14, 19, 29). Then 
lct(X) = f . 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

ty^ + yz^ + xt^ + x'^z = 0. 

The surface X is singular at the points Ox-, Oy, Oz, Ot- Each of the divisors Gx, Gy, Gz, and Cj 
consists of two irreducible and reduced components. The divisor Gx (resp. Gy, Gz, Gt) consists 
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of L^y (resp. L^y, L^t, L-^t) and = {x = + ty^ = 0} (resp. Ry = {y = x^z + = 0}, 
Rz = {z = y'^ + xt = 0}, Rt = {t = x'^ + yz"^ = 0}). Also, we see that 

Lxy Ci Rx = {Ot}, Lxy n Ry = {Oz}, Lzt Ci Rz = {Ox}, Lzt n Rt = {Oy}. 

One can easily check that lct(X, ^C^;) = || is less than each of the numbers lct(X, ^Cj^), 
lct(X, ^C^) and lct(X, ^a). Therefore, lct(X) ^ §. Suppose lct(X) < §. Then, there is 
an effective Q-divisor D ~(Q —Kx such that the log pair {X, is not log canonical at some 
point P £ X. 

The intersection numbers among the divisors D, Lxy, Lzt, Rx, Ry, Rz, Rt are as follows: 

4 6 8 

D ■ Lxy = — — -- , D ■ Rx = , D ■ R 



19-29' 7-29' ^ 13-19' 

2 „ „ 12 



D-Lzt = —r7;, D-Rz = ——, D ■ Rt 



7-13' 13-29' 7-19' 

Lxy ' Rx — Lxy ■ Ry = — , Lzt ' Rz — ' R^ ~ 1 

^■J^~"i9^' ^~"iF29' 

2 23 „2_ 30 2 20 

zt 1 Q 1 /I ' -"-2 1 o no ' -"-i 



13-14' ^ 13-29' * 7-19' 
By Lemma [1.3.6l we may assume that the support of D does not contain at least one component 
of each divisor Cx, Cy, Cz, Ct- Since the curve Rt is singular at the point Oy and the curve Ry 
is singular at the point Oz, in each of the following pairs of inequalities, at least one of two must 
hold: 

multo.(I?) ^ 13D - = - < — , TWi\to.AD) ^ 13Z) - Rz = 

7 DO 

multo, {D)^UD-Lzt = ^<^, multo, {D) ^^-D ■ Rt 

4 36 19 
multo, {D) ^ 19Z) ■Lxy = i^<-^, multo, {D) ^ —D ■ Ry 

4 36 29 
multoAD) ^29D-Lxy = — <—, multo,(I?) —D ■ Rx 

19 DO 2 

Therefore, the point P can be none of Ox, Oy, Oz, Ot- 

We write D = a^Lxy + aiLzt + cl2Rx + a-^Ry + a^Rz + a^Rt + ^, where Cl is an effective 
Q-divisor whose support contains none of the curves Lxy, Lzt, Rx, Ry, Rz, Rt- Since the pair 
(X, H-D) is log canonical at the points Ox, Oy, Oz, Ot, the numbers a, are at most ||. Then by 
Lemma ll.3.8l the following inequalities enable us to conclude that the point P must be located 
in the outside of Cx ^ Cy U Cz U Ct'. 



12 


36 






" 29 


^ 65' 


8 


36 






~ 19 


<65^ 


4 


36 






~ 13 


<65 


3 


36 






~ 7 


<65- 



{D - aoLxy) - Lxy - ^ |, {D- a.Lzt) - Lzt - ^ ^, 



m p 12 + 302 ^ 36 8^203 36 

(D-a2Rx)-Rx = ^^^^^, (D-a,Ry).Ry = ^^^-, 

12 + 3004 36 , ^ „ X „ 8 - 20a5 36 
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We consider the pencil L defined by \ix + [ly^ = 0, [A : /i] G P^. The base locus of the pencil 
consists of the curve Lxy and the point Ox- Let E be the unique divisor in L that passes through 
the point P . Since P ^ U U U Cj, the divisor E is defined by the equation tx = ay^, 
where a ^ 0. 

Suppose that a ^ — 1. Then the curve E is isomorphic to the curve defined by the equations 
tx = y^ and xt^ + yz^ + x^z = 0. Since the curve E is isomorphic to a general curve in C, 
it is smooth at the point P. The affine piece of E defined by t 7^ is the curve given by 
+ y^^z + z^) = 0. Therefore, the divisor E consists of two irreducible and reduced curves 
Lxy and C. We have 

D-C = D-E-D-Lxy = — . 

^ 13 • 19 • 29 

Also, we see 

= E ■ C - C ■ Lxy ^ E ■ C - Cx ■ C > 0. 

By Lemma ll. 3. 81 the inequality Z? • C < || gives us a contradiction. 

Suppose that a = —1. Then divisor E consists of three irreducible and reduced curves Lxy, 
Rz, and M. Note that the curve M is different from the curves Rx and Lzt- Also, it is smooth 
at the point P. We have 

D ■ M = D ■ E - D ■ Lxy- D ■ R, 



13 • 19 • 29 



M'^ = E ■ M - Lxy ■ M - Rz ■ M ^ E ■ M - Cx ■ M - Cz ■ M = -D ■ M > 0. 
^ 2 

By Lemma ll. 3. 81 the inequality D • M < || gives us a contradiction. □ 

Lemma 3.4.9. Let X be a quasismooth hypersurface of degree 79 in P(13, 14, 23, 33). Then 
lct(X) = f. 

Proof. The surface X can be defined by the quasihomogeneous equation 

z'^t + y'^z + xt"^ + x^y = 0. 
The surface X is singular at Ox, Oy, Oz and Ot- We have 

In particular, lct(X) ^ ||. 

Each of the divisors Cx, Cy, Cz, and Ct consists of two irreducible and reduced components. 
The divisor Cx (resp. Cy, Cz, Ct) consists of Lxz (resp. Lyt, Lxz, Lyt) and Rx = {x = y'^+zt = 0} 
(resp. Ry = {y = z"^ +xt = 0}, Rz = {z = x^y + f = 0}, Rt = {t = x^ + y^z = 0}). The curve 
Lxz intersects Rx (resp. Rz) only at the point Ot (resp. Oy). The curve Lyt intersects Ry (resp. 
Rt) only at the point Ox (resp. O^). 

We suppose that lct(X) < ||. Then there is an effective Q-divisor D ~q —Kx such that the 
log pair {X, is not log canonical at some point P E X. 

The intersection numbers among the divisors D, Lxz, Lyt, Rx, Ry, Rz, Rt are as follows: 

^"xz ~ ~T1 — 00' ~ ~'no — 00'' ^^'^ " ~ 00' ^ ' "^^'^ ~ ~ — ~' ^ ' 



14-33' 23-33' ^'^ 33' '''^ 14-33' 23-33' 
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13-23' 13-33' 13' ^ 13-23' 13-33' 

2 20 2 ° 



13-14' ^'^ ^ 14' ^ 13-14' 

r2 - 95 o _ 5 20 



14-13' " 23 14-23 

By Lemma [l.3.6l we may assume that the support of D does not contain at least one component 
of each divisor Cx, Cy, Cz, Ct- Since the curve Rt is singular at the point Oz with multiplicity 
3 and the curve Rz is singular at the point Oy, in each of the following pairs of inequalities, at 
least one of two must hold: 

4 32 

multo. {D) ^UD-Lyt = — <—, multo. {D) ^ 13L> - Ry 

4 32 14 
multo, {D) <^UD-Lxz = — <—, multo, {D) —D ■ Rz 

4 32 23 
multo, {D) ^2?,D-Lyt = — <—, multo, {D) ^ —D ■ Rt 

Therefore, the point P can be none of Ox^ Oy, Oz- 

Put D = moLxz + miLyt + m2Rx + rn^Ry + m^Rz + m^Rt + Jl, where VL is an effective Q- 
divisor whose support contains none of Lxz, Lyt, Rx, Ry, Rz, Rt- Since the pair (X, is log 
canonical at the points Ox, Oy, Oz, we have ^ || for each i- Since 

m r w 4 + 43mo ^ 32 4 + 32mi 32 



8 


< 


32 


33 


65' 


4 


< 


32 


13 


65 


10 


< 


32 


21 


65' 



16 + 40m2^ 32 8 + 38m3 ^ 32 

23-33 ^65' - ™3i?.) • - ^3.33 



8 - 20m4 32 , ^ „ s „ 20 - OSmg 32 

Lemma 11.3.81 implies that the point P cannot be a smooth point of X on U Cy U U Ct. 
Therefore, the point P is either a point in the outside of C^; U Cy U C^ U Ct or the point Ot- 

Suppose that P ^ Cx U Cy U Cz D Ct- Then we consider the pencil C on X defined by the 
equations Xxt + iiz^ = 0, [A : /i] G P^. There is a unique curve Za in the pencil passing through 
the point P- This curve is cut out by 

xt + az^ = 0, 

where a is a non-zero constant. 

The curve is reduced. But it is always reducible. Indeed, one can easily check that 

Za — Cq, + Lxz 

where Cq is a reduced curve whose support contains no Lxy- Let us prove that Cq, is irreducible 
if a 7^ 1. 

Any component of the curve Ct is not contained in the curve Za- The open subset Za \ Ct of 
the curve Za is a Zss-quotient of the affine curve 

X + az^ = + y'^z + X + x^y = {) d = Spec(^C [j;, y, z] ^ , 
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that is isomorphic to a plane affine curve defined by the equation 

z ((a - \)z + / - a^yz^) = C ^ Spec(c [y, , 



Thus, if a 7^ 1, then the curve consists of two irreducible and reduced curves L^z and C^. If 
a = 1, then the curve Za consists of three irreducible and reduced curves Lxz-, Ry, and Ci. In 
both cases, the curve (including a = 1) is smooth at the point P. By Lemma ll.3.6[ we may 
assume that Supp(D) does not contain at least one irreducible component of the curve Z^. 
If a / 1, then 

D-Ca = — 

13-14 

C'a = Za; ■ Ca — L^^ ' Cq. ^ Z^, ■ — {Rx + -t'xz) ' C'a = ' ^ ^' 

If Q = 1, then 



13- 14-33' 



2 19 
Ci = Zi ■ Ci — {Lxz + Ry) - Ci ^ Zi - Ci — {Rx + Lxz) ■ Ci — {Lyt + Ry) ■ Ci = —D - Ci > 0. 

We put D = mCa + A^, where is an effective Q-divisor such that Ca ^ Supp(Aa). Since 
Ca intersects the curve Ct and the pair (X, ||-D) is log canonical along the curve C^, we obtain 
m ^ ||. Then, the inequality 

32 

{D - mC) .Co.^D-Co,< — 

DO 

implies that the pair (X, is log canonical at the point P by Lemma 11.3.81 The obtained 
contradiction conclude that the point P must be the point Ot- 
If Lxz is not contained in the support of D, then the inequality 

2 32 

multo.P) ^ 33D-L^, = - < — 

7 DO 

is a contradiction. Therefore, the curve Lxz must be contained in the support of D, and hence 
the curve Rx is not contained in the support of D. Put D = aLxz + bRy + A, where A is an 
effective Q-divisor whose support contains neither Lxz nor Ry. Then 

-z>.fl.»oL..,.fl.+ °""'°-i°'- >j;+ 



23-33 ----- 33 33 33 . 

and hence a < ^^q^- If 6 7^ 0, then Lyt is not contained in the support of D. Therefore, 

4 _ _2b 

——=D.Lyt^bRyLyt = -, 

and hence b ^ 

Let tt: X ^ X he the weighted blow up at the point Ot with weights (13, 19) and let F be 
the exceptional curve of the morphism vr. Then F contains two singular points Q12, and Qig of 
X such that Qia is a singular point of type j^{l, 1), and Qig is a singular point of type ^(3, 7). 
Then 

1 - 19 - 13 - c 

K^r^Qn*{Kx)--F, Lxzr^Q7T*{Lxz)--F, Ry {Ry) - -F, A ~q 7r*(A) - -F, 
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where Lj.^, Ry and A are the proper transforms of L^^, Ry and A by it, respectively, and c is a 
non-negative rational number. Note that F f] Ry = {Qig} and F n L^z = {Qis}- 
The log pull-back of the log pair (X, by vr is the log pair 



32-' 

- 65a - 656 - 65 ^ ^ i 

X, Lj;z H Ry H A + diF , 

' 32 ^^ 32 ^ 32 ' ' 



where 

32 + 65(19a + 136 + c) 



32 • 33 

This is not log canonical at some point Q G F. We have 

4 + 43a 6 



^ A • 



14 • 33 33 13 • 33 



This inequality shows 136 -|- c ^ tI(^ "I" 43a). Since a ^ ojotjc , we obtain 



^^y^ I ^xi.^^ ^ 3.23.65' 

32 + 1235a 65(136 + c) ^ 32 + 1235a 13 • 65(4 43a) ^ 
32-33 32-33 32-33 14 - 32 • 33 ^ 



Suppose that the point Q is neither Qis nor Qig. Then, the point Q is not in L^z U i?^. 
Therefore, the pair (X, ||A -|- F) is not log canonical at the point Q, and hence 



65 ^ 65c 
1 < — A-F 



32 13 • 19 • 32 

But c < 136 c < y|(4 -I- 43a) < ^^H'^^ since a ^ gj^^- Therefore, the point Q is either Q13 
or Qig. 

Suppose that the point Q is Qia- Then the point Q is in L^z but not in Ry. Therefore, the 
pair (X, Lxz + || A -|- ^iF) is not log canonical at the point Q. However, this is impossible since 

13 1 iA + 9.fV x„ = ^ (4±4i? - 4 - ft = 



32 J 32 V 14-33 33 13-33^ 

_32 + 1235a 13 - 65(4 + 43a) ^ 
32-33 ^ 14 - 32 - 33 ^ 
Therefore, the point Q must be the point Qiq. 

Let if;: X ^ X he the weighted blow up at the point Qig with weights (3, 7) and let E be the 
exceptional curve of the morphism tp. The exceptional curve E contains two singular points O3 
and Oj of X. The point O3 is of type ^(1, 2) and the point O7 is of type ^(4, 5). Then 

K^r^QriKx)-^E, Ry^Q,l,*{Ry)-^E, F^QriF)-^E, A ~q V*(A) - ^F, 

where Ry, F and A are the proper transforms of Ry, F and A by ip, respectively, and d is a 
non-negative rational number. 

The log pull-back of the log pair {X, ||D) by tt o is the log pair 

- 65a ~ 656 65 r ^ ~ ^ „ 

X, L^z-\ Rv-\ A + BiF + e2E 

' 32 ^"^ 32 ^ 32 
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where L^z is the proper transform of L^^ by 

65(36 + d) 7 ^ 9 9728 + 65(133a + 1906 + 7c + 33d) 

62 = 1 y^ H = • 

19 • 32 19 19 19 • 32 • 33 

This is not log canonical at some point O E E. 
We have 

^ r ~ -r d 8 + 386 19a + c d 

O^ARy = A-Ry- 



7-19 13-33 19-33 7-19' 
-1^3 I Therefore, this inequahty togethei ..xi;^^ " ^ 23 



and hence 133a + 7c + 33d ^ ^(8 + 386). Therefore, this inequahty together with 6 < ^ gives 



us 

_ 9728 + 65 - 1906 65(133a + 7c + 33d) ^ 
^ ~ 19 - 32 • 33 ^ 19 • 32 ■ 33 

9728 + 65 • 1906 65 ■ 7(8 + 386) 

^ \ < 1. 

19-32-33 13-32-33 

Suppose that the point O is in the outside of Ry and F. Then the log pair {E, ^A\e) is not 
log canonical at the point O and hence 

65 ^ 65d 
1 < —AE = 



32 3-7-32 

However, 

1 1 33 3-7-32 

d ^ -(133a + 7c + 33d) ^ ^^(8 + 386) < 

since 6 ^ This is a contradiction. 

Suppose that the point O belongs to Ry. Then the log pair (^X, ^Ry + ||A + 92E^ is not 
log canonical at the point O and hence 

\32 J 32 V 13-33 19-33 7-19' 

However, 



7-65 /8 + 386 19a + c d \ ^ 9728 + 65-1906 65-7(8 + 386) ^ 

+ C/2 = — — — — 1 — -7: — — < 1. 



32 V 13 - 33 19 -33 7-19/ 19-32 -33 13 -32-33 

This is a contradiction. Therefore, the point O is the point O3. 

Suppose that the point O belongs to F. Then the log pair (^X,§A + 9iF + 92e') is not log 
canonical at the point O and hence 

/65 ;j . ^\ 3 - 65 / c d \ ^ 

1< 3 —A + 92E] ■F = + 92. 

V 32 W 32 I 13 - 19 3 - 19 / 
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However, 



3 • 65 / c d \ ^ 3 • 65c 9728 + 65(133a + 1906 + 7c) 

+ ^2 =T:r-r77^ + 



32 V 13 • 19 3 • 19 y 13 • 19 • 32 19 • 32 • 33 

_ 512 + 455a 65 • 190(136 + c) ^ 
~ 32 ■ 33 ^ 13 • 19 • 32 • 33 ^ 
^ 512 + 455a 65 • 190(4 + 43a) ^ 
^ 32 ■ 33 ^ 14 ■ 19 • 32 • 33 ^ 

since 136 + c ^ ^(4 + 43a) and a ^ ^^q^- This is a contradiction. □ 



Lemma 3.4.10. Let X be a quasismooth hypersurface of degree 166 in P(13, 23, 51, 83). Then 
lct(X) = fi. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ y^z + xz^ + x^^y = 0. 

The surface X is singular only at the points Ox, Oy and Oz- The curves Cx and Cy are 
irreducible. We have 



— = let f X, —Cx] < let ( X, —Cy] = — , 
40 \ 13 / V 23 ^/ 24 ' 



and hence lct(X) < |g. 

Suppose that lct(X) < |g. Then there is an effective Q-divisor D ~q —Kx such that the 
pair {X, l^-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of the divisor D contains neither Cx nor Cy. Then the inequalities 

^ 8 40 8 40 

blD ■Cx = — < 13Z) • C„ = — < — 
23 91 ^ 51 91 

show that the point P is a smooth point of X in the outside of Cx- However, i7''(P, Op(663)) 
contains x^^, y^^x^^, y'^^x^ and z^^, and hence it follows from Lemma 11.3.91 that the point P is 
either a singular point of X or a point on Cx- This is a contradiction. □ 



3.5. Sporadic cases with / = 5 

Lemma 3.5.1. Let X be a quasismooth hypersurface of degree 63 in P(ll, 13, 19, 25). Then 
lct(X) = f . 

Proof. The surface X can be defined by the quasihomogeneous equation 

zH + yt^ + xy^ + x^z = 0, 

and X is singular at Ox, Oy, Oz and Ot- 

The curve Cx (resp. Cy, Cz, Ct) consists of two irreducible and reduced curves Lxt (resp Lyz, 
Lyz, Lxt) and Rx = {x = z^ + yt = 0} (resp. Ry = {y = x'^ + zt = 0}, Rz = {z = + xy^ = 0}, 
Rt = {t = y'^ + x'^z = 0}). The curve Lxt intersects Rx (resp. Rt) only at the point Oy (resp. 
Oz). The curve Lyz intersects Ry (resp. Rz) only at the point Ot (resp. Ox)- 
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We have the following intersection numbers 

5 1 2 4 10 

D -1^1= D-Lyz = -——, D-R^ = -——, D-Ry = ^^, D ■ R, 



13-19' ^ 5-11' "^5-13' ^5-19' 11-13' 

20 2 4 4 2 

D ■ Rt = — — , Lxt ' ~ ^3 ' ^* ~ 19 ' ^ ~ 25 ' ~ 11 ' 

j2 _ 27 2 _ 31 p2 _ _ 28 p2 _ _ 24 o _ 12 . _ 56 

^* ~ " i3~T9' ~ "iT^' ^ ~ ~iF25' y ~ ~i9^' ' ~ 1FT3' * ~ in^' 

We have 

, 5^\ 13 , 5^\ 33 , 5^\ 35 , 5 ^ \ 19 

let X, —Cy = — < let X, —Cx = — < let X, —Ct = — < let X, —Cz = —. 

V 13 V 8 V 11 / 20 V 25 7 16 V 19 / 8 

In particular, we have lct(X) ^ ^. 

We suppose that lct(X) < Then there is an effective Q-divisor D ~q —Kx such that the 
log pair {X, ^D) is not log canonical at some point P £ X. 

Suppose that the point P is located in the outside of Cx U Cy U Cz U Ct- We consider the 
pencil £ on X defined by the equations Xx'^ + jizt = 0, where [A : /i] G P^. The curve L^t is the 
unique base component of the pencil C There is a unique member Z in the pencil C passing 
through the point P. Since the point P is in the outside of U U U Ct, the curve Z is 
defined by an equation of the form 

ax^ + 2;t = 0, 

where a is a non-zero constant. 

The open subset Z\Cz of the curve Z is a Zig-quotient of the affine curve 

ax'^ + t = t + yt'^ + xy^ + x^ = C = Spec(^C[x, y, z]) , 

that is isomorphic to the affine curve given by the equation 

x{{l-a)x^ + a'^x'^y + y^) = C ^ Spee(^C [y, , 

If a 7^ 1, the divisor Z consists of two irreducible and reduced curves Lxt and Z^- On the 
other hand, if a = 1, then the divisor Z consists of three irreducible and reduced curves L^t, Ry 
and Zi. Since P ^ Cx U Cy Li U Ct, the point P must be contained in Z^ (including a = 1). 
Also, the curve Z^ is smooth at the point P. 

Write D = nZ^ + F, where T is an effective Q-divisor whose support contains Z^- Since Z^ 
passing through the point Ot and the pair {X, ^D) is log canonical at the point Oz, we have 
n ^ ^. We can easily check 



DZa 



227 

35 

D.{Z-Lxt-Ry) = j^iia = l. 



Also, if a 7^ 1, then 



2 33 
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If a = 1, 

Z'^ = Z ■ Za — [Lxt + ^y) ■ Za^ Z ■ Za — (Lxt + + ^yz + -Ry) ' -^a = 41? • Zq,. 

In both cases, we have Z\ > 0. Since 

(D - nZ^) -Z^^D-Z^K^ 

Lemma fl . 3 . 81 shows that the pair (X, ^D) is log canonical at the point P. This is a contradiction. 
Therefore, the point P must belong to the set U U U Cf. 

It follows from Lemma 11.3.61 that we may assume that Supp(D) does not contain at least 
one irreducible component of the curves Cx, Cy, Cz, Ct- Since the curve Rt is singular at the 
point Oz with multiplicity 3 and the support of D does not contain either Lxt or Rt, one of the 
inequalities 

5 8 19 20 8 

multo,(D) ^l9D-Lxt = — <—, T^ViMoAD) ^—D-Rt = ^ < — 

must hold, and hence the point P cannot be the point Oz- Similarly, we see that the point P 
can be neither Ox nor Oy. 

Now we write D = mQLxt + 'miLyz + m2Rx + fn?,Ry + fnARz + '^bRt + ^, where is an effective 
Q-divisor whose support contains none of Lxt, Lyz, Rx, Ry, Rz, Rt- Since the pair {X, ^D) is 
log canonical at the points Ox, Oy, Oz, we must have rrii ^ Then the inequalities 

5 + 27mo 

" 13 • 19 

5 + 31mi 

~ 11 • 25 

10 + 28m2 





— moLxt) ■ Lxt 


(D 


— miLyz) ■ Lyz 


{D 


— m2Rx) ■ Rx - 


(D 


— m^Ry) • Ry = 


{D 


- ruiRz) ■ Rz = 


{D 


- m^Rt) ■ Rt = 


imply that the point P must be 


the point Ot- 



> ^ 



25 • 13 

20 + 24m3 ^ 13 

25 • 19 

10 - 12m4 

11 • 13 

20 - 56m5 

11 • 19 



Put D = aLyz + bRx + A, where A is an effective Q-divisor whose support contains neither 
the curve Lyz nor Rx- If a = 0, then we obtain 



_5_ _8_ 
IT ^ 13' 



multoj (D) ^ 25D ■ Lyz 

This is a contradiction. Therefore, a > 0, and hence the support of D dose not contain the curve 
4 



Ry. Since 



5 • 19 



D ■ Ry ^ ciLyz ■ Ry + 



multot (D) — a 3a 8 

25 ^ 25 13-25' 
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and hence a ^ If 6 > 0, then 

5 26 

= D ' L ri hR^- • L^f = — , 

13-19 13' 

and hence 6 ^ ^. 

Let TT : X ^ X he the weighted blow up of Ot with weights (7, 3) and let F be the exceptional 
curve of vr. Then 

15 - 3 - 7 - c 

where A, Ly^, Rx are the proper transforms of A, L^^, R^, respectively, and c is a non-negative 
rational number. The curve F contains two singular points Qy and of X. The point Qj is a 
singular point of type ^(1, 1) and the point Qs is of type |(2, 1). Note that the curve Rx passes 
through the point but not the point Qy. The curve Lyz passes through the point Q7 but not 
the point Q^. 

The log pull-back of the log pair (X, ^D) by vr is the log pair 

- 13a- 136- 13. ^ ^ 

X, H Rx H A + 9iF 

y 8 ^ 8 8 

where 

. 13(3a + 7b + c) + 120 
8-25 

This pair is not log canonical at some point Q G F. We have 



13-25 25 3 - 25 



This inequality shows 3a -|- c ^ ^(^^ + 286). Then 

„ 13(3a + c)+ 916 -M20 ^ 6 76 ^ 

u^ = ^ < 1 

8-25 8 

since 6 ^ ^. 

Suppose that the point Q is neither the point Qj nor the point Q3. Then the log pair 
(X, ^A -|- F) is not log canonical at the point Q. Then 

13c 13 -J ^ 

-A • F > 1 



8 • 21 



by Lemma 031 However, c ^ 3a c ^ ^(10 + 286). This is a contradiction since 6 ^ 
Therefore, the point Q is either the point Qj or the point Q3. 

Suppose that the point Q is the point Q3. This point is the intersection point of F and Rx- 
Then the log pair (X, ^Rx + "^A -|- ^i-F) is not log canonical at the point Q. It then follows 
from Lemma 11.3.41 that 



However, 



13-25 25 3 - 25 



13-3 /10 + 286 a c \ , 6 + 76 

+ 6*1 = < 1. 

13-25 25 3 - 25 ' 
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Therefore, the point Q is the point Q-j. This point is the intersection point of F and Ly^. 

Let 0: X —5- X be the blow up at the point Q-j. Let G be the exceptional divisor of the 
morphism (j). The surface X is smooth along the exceptional divisor G. Let Lyz, Rx, A and F 
be the proper transforms of Lyz, Rx, A and F hy tt o 4>, respectively. We have 

Kj, ~Q <p*{K^) - ^G, Lyz ~Q nly,) - Ig, F 0*(F) - Ig, a ~q c/>*(A) - ^G, 

where d is a non-negative rational number. The log pull-back of the log pair {X, ^D) via tt o cp 
is 



where 



~ 13a ~ 136 ~ 13 ~ _ ~ ^ ^ 
X, —Lyz + —Rx + ^A + OiF + 92G 



13 , , 6*1 5 1120 + 13(28a + 7b + c + 25d) 

^^=7:8(" + ^) + y + 7 = t:8T25 



This log pair is not log canonical at some point O (z G. We have 

~ ~ 5 + 31a bed 

^ A • L^^ = . 

^ 11-25 25 7 • 25 7 

We then obtain 7b + c + 25d ^ ^(5 -|- 31a). Since a ^ we see 

1120 + I3{28a + 7b + c + 25d) 511 273a ^ 

P9 = ^ < 1. 

7- 8 -25 7- 8 -11 

Suppose that O ^ F U Lyz- The log pair ^X, ^A -|- G^ is not log canonical at the point O. 
Applying Lemma 11.3.41 we get 

^ 13- ^ 13d 
1 < —A • G = , 

8 8 ' 

and hence d> j^. However, d ^ ^(76 + c + 25d) ^ 1^25 ~^ 31a). This is a contradiction since 
a ^ Therefore, the point O is either the intersection point of G and F or the intersection 

point of G and Ly^. In the latter case, the pair (^X, ^Lyz + ^A -|- ^2^^ is not log canonical 
at the point O. Then, applying Lemma 11.3.41 we get 

-, ~ ^ \ ~ 13 /5 + 31a b c d\ ^ 

1 < —A + 6I2G ] ■ Lyz = — { +6*2- 

\ 8 / ^ 8 V 11 • 25 25 7-25 7 



However, 



13 / 5 31a b c d\ ^ 511 273a 

+ ^2= „ „ < 1. 



11-25 25 7-25 7 7-8-11 



Therefore, the point O must be the intersection point of G and F. 

Let ^: X — > X be the blow up at the point O and let H be the exceptional divisor of 
We also let Lyz, Rx, A, G, and F be the proper transforms of Lyz, Rx, A, G and F by ^, 
respectively. Then X is smooth along the exceptional divisor H. We have 

Kj^ ~Q r(i^x) - ^, G ~Q r(G) -H, F^Q C{F) -H, A^Q ^(A) - ei?, 
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where e is a non-negative rational number. The log pull-back of the log pair {X, ^D) via Tioipo^ 
is 

13a; 136 a 13 



X, —Ly, + —R, + + e^F + e^G + 03H], 



where 

^ ^ ^ 13e ^ 560 + 13(49a + 566 + 8c + 25d + 175e) 

C''^ = ui + C'2 H — 1 = . 

^ 8 7- 8 -25 

This log pair is not log canonical at some point A ^ H. We have 

Therefore, 3(i + 21e ^ c. 
Then 

^ 560 + 13(49a + 566 + 8c) 13(d + 7e) ^ 

O'i = 1 ^ 

7- 8 -25 7-8 

^ 1680 + 13(147a + 1686 + 49c) _ 

3 • 7 • 8 • 25 ~ 

_ 1680 + 12846 13 • 49(3a + c) 

~ 3 • 7 • 8 • 25 ^ 3 • 7 • 8 • 25 ^ 

140 + 1076 7(5 + 146) 21 + 366 

< 1- — = < 1 

2 •7- 25 4-25 28 

since 6 ^ ^ and 3a + c ^ ^(10 + 286). In particular, 9^ is a positive number. 

Suppose that A ^ FuG. Then the log pair ^X, -|- B^H^ is not log canonical at the point 

A. Applying Lemma ll.3.41 we get 



However, 



1 , , , c 1 , , 3(10-^ 286 8 

e ^ —(3d + 21e ^ — ^ — (3a + c^ ^ — . 

21^ ^ 21 2r 13-21 ^13 



Therefore, the point A must be either in F or in G. 

Suppose that A £ F. Then the log pair (^X, + 9iF + O^H^ is not log canonical at the 
point A. Applying Lemma 11.3.41 we get 

1 < (H A + 9,h) . F = H _ _ , V 03 - + + + ''"^ 



V 8 J 8 V21 7 y 3 •7- 8 -25 

However, 

1680 + 13(147a + 1686 + 49c) ^ 21 + 366 ^ 
3 • 7 • 8 • 25 ^ 28 ^ 

Therefore, the point A is the intersection point of H and G. Then the log pair 
X, ^A + 62G + O^H] is not log canonical at the point A. From Lemma 11.3.41 we obtain 



-, f^^X n Tr\ A 13,^ , ^ 560 + 13(49a + 566 + 8c + 200d) 
1 < —A + 6*3^? • G = — (d - e) 6*3 - 



V8 7 8' ' 7-8-25 
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However, 

560 + 13(49a + 565 + 8c + 200d) _ 80 + 91a 13(76 + c + 25d) ^ 56 + 169a ^ 
7 • 8 • 25 ~ 8-25 7-25 ^ 8 • 11 ^ 

since a < ^ and 7b+c+25d ^ jj(5+31a). The obtained contradiction completes the proof. □ 

Lemma 3.5.2. Let X be a quasismooth hypersurface of degree 136 in P(ll, 25, 37, 68). Then 
lct(X) = ^. 

Proof. The surface X can be defined by the quasihomogeneous equation 

xy^ + x^z + yz^ + = q. 

The surface X is singular at the points Ox, Oy and Oz- 

The curves Cx and Cy are reduced and irreducible. We have 

- = let f X, -Cx] < let ( X, -Cy] = -. 
6 V 11 y \ 25 18 

Thus, lct(X) ^ ^. 

Suppose that lct(X) < Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, ^D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of D contains neither Cx nor Cy. Then two inequalities 

37Z) ■Cx = - <—, 11D-Cy = — < — 
5 11 ^ 37 11 

imply that the point P is neither a singular point of X nor a point on Cx- Since H^{F, Op (407)) 
contains x^'^, z^^ and x^^y^^, we see that this cannot happen by Lemma ll.3.91 □ 



Lemma 3.5.3. Let X be a quasismooth hypersurface of degree 136 in P(13, 19, 41, 68). Then 
lct(X) = %. 

Proof. The surface X can be defined by the quasihomogeneous equation 

x^y + xz^ + y^z + = 0. 



The surface X is singular only at the points Ox, Oy and Oz- 

The curves Cx and Cy are reduced and irreducible. Also, it is easy to check 



— = let f X, —Cx] < lct(X, —Cy) = —. 
50 V 13 / ^ ' 19 6 



Therefore, lct(X) < §. 

Suppose that lct(X) < |i. Then there is an effective Q-divisor D —Kx such that the 
pair {X, ^D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of D contains neither Cx nor Cy. Then two inequalities 

19 91' ^ 41 91 

imply that the point P is neither a singular point of X nor a point on Cx- However, by 
Lemma ll.3.91 this is impossible since -ff''(P, Op(533)) contains x"^^ , z^^ and x^y"^^. □ 
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3.6. Sporadic cases with 1 = 6 

Lemma 3.6.1. Let X be a quasismooth hypersurface of degree 45 in P(7, 10, 15, 19). Then 
lct(X) = If. 

Proof. The surface X can be defined by the equation — y'^z + xt'^ + x^y = 0. It is singular at 
the points Ox, Oy, Ot and Q = [0 : 1 : 1 : 0]. 

The curve Cx consists of two irreducible and reduced curves Lxz and Rx = {x = — = 0}. 
These two curves Lxz and Rx meets each other at the point Ot- Also, 

" " lFl9' ^ " "5^' ■ " 19' 

The curve Rx is singular at the point Ot- The curve Cy is irreducible and 

|^.c.(x,5c.)<iot(xAc„).g. 

Therefore, \ci{X) ^ f|. 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair {X, H-D) is not log canonical at some point P. By Lemma 11.3.61 we may assume that the 
support of the divisor D does not contain the curve Cy. Similarly, we may assume that either 
Lxz 2 Supp(Z)) or Rx <l Supp(Z)). 

Since //'^(P, Op(105)) contains the monomials x^^, y'^x^ and , it follows from Lemma ll.3.91 
that the point P is either a point on C^.^ or the singular point Ox- 

Since either Lxz % Supp(L') or Rx % Supp(Z)), one of the inequalities 

umlioAD) f^l'9D-Lxz = \<^, umlioAD) ^^D-Rx = \<^ 

5 35 2 5 35 

must hold, and hence the point P cannot be the point Ot- On the other hand, the inequality 

ID ■ C'y = ^ < II shows that the point P cannot be the point Ox- 

Put D = mLxz + ^, where Q is an effective Q-divisor such that Lxz ^ Supp(r2). If m 7^ 0, 

then 

5-19 xz X -j^g , 

and hence m ^ |. Then, 

6 + 23m 54 

IQiD - mLxz) ■ Lxz = ^ — • 

V xzj xz \ 2^ 

Thus it follows from Lemma ll.3.81 that the point P cannot belong to Lxz- 

Now we write D = eRx + A, where A is an effective Q-divisor such that Rx <^ Supp(A). If 
e 7^ 0, then 

7 — 777 = L) - Lxz ^ ^Rx ■ Lxz = TTT) 

5-19 19 

and hence e ^ |. Then 

5{D-eRx)-Rx = ^^<-- 
^ ' 19 35 

By Lemma [1.3. 81 the point P cannot be contained in Rx either. Therefore, the point P is located 
nowhere. □ 
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Lemma 3.6.2. Let X be a quasismooth hypersurface of degree 106 in P(ll, 19,29, 53). Then 
lct(X) = f . 

Proof. We may assume that the surface X is defined by the quasihomogeneous equation 

x'^z + xy^ + yz^ + 1"^ = 0. 

The surface X is singular at Ox, Oy and Oz- The curves Cx and Cy are irreducible. It is easy 
to see 

IctfX, —Cx) = — < lct(X, —Cy) = —. 
^ ' 11 ^ 36 ^19 28 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~q —Kx such that the 
pair (X, is not log canonical. For a smooth point P & X \ Cx, we have 



, , , 6 • 319 • 106 36 
^ 11-19-29.53 < 55 



by Lemma 11.3.91 since H^{¥,Of{319)) contains the monomials x^^, z^^ and x^^y^^. Therefore, 

II or we have multo^(I?) > ||. 



either there is a point P € Cx such that multp(D) > || or we have multo^(I?) > II . Since the 



pairs {X, j^^Cx) and {X, ^^Cy) are log canonical and the curves Cx and Cy are irreducible, 
we may assume that the support of D contains neither the curve Cx nor the curve Cy. Then we 
can obtain 

, , , ^ 11 • 19 • 106 • 6 36 

mu to^ -D) ^ 11C„ • D ^ < — 

^ ^ 11 • 19 • 29 • 53 55 

and for any point P ^ Cx 

n ^ ^ 29 -11 -106 -6 36 

multp Z? ^ 29Cx ■ D ^ < — . 

^ ^ 11 • 19 • 29 • 53 55 

This is a contradiction. Therefore, lct(X) = ||. □ 

Lemma 3.6.3. Let X be a quasismooth hypersurface of degree 106 in P(13, 15, 31, 53). Then 
lct(X) = §. 

Proof. The surface X can be defined by the quasihomogeneous equation 

x'^y + xz^ + y^z + = 0. 

The surface X is singular at the points Ox, Oy and Oz- 

The curves Cx, Cy and Cz are reduced and irreducible. We have 

, 6^\ 91 , 25 , 93 

let X, —Cx = — < let X, —Cy = — < let X, —Cz = — . 
V 13 y 60 V 15 12 V 31 ) 28 

Therefore, lct(X) < |i. 

Suppose that lct(X) < |i. Then there is an effective Q-divisor D ~q —Kx such that the pair 



60- 

(X, Ig-D) is not log canonical at some point P. By Lemma [1.3.6l we may assume that the support 
of D contains none of Cx, Cy, Cz. Since Cy is singular at the point Oz and ■ Cy = < 
the point P must be in the outside of Cy. Furthermore, the point P is in the outside of Cx U Cz 
since 151) • = if < f and D • C7^ = ^ < f . 

Now we consider the pencil £ on X defined by the equations \z^ + ^x^y = 0, [A : /u] € P^. 
Then there is a unique member C in C passing through the point P. Since the point P is located 
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in the outside of CxUCyUCz, the curve C is cut out by the equation of the form x^y + az^ = 0, 
where a is a non-zero constant. Since the curve C is a double cover of the curve defined by the 
equation x^y + az^ = in P(13, 15, 31), we have multp(C) ^ 2. Therefore, we may assume that 
the support of D does not contain at least one irreducible component. If a 7^ 1, then the curve 
C is irreducible, and hence the inequality 

multp(D) <^D-C = ]^<^ 
bo 91 

is a contradiction. If a = 1, then the curve C consists of two distinct irreducible and reduced 
curve Ci and C2. We have 

_6_ 

65' ~' 13 



D -01 = D - 02 = —, Cl = Cl 



Put D = aiCi + 026*2 + A, where A is an effective Q-divisor whose support contains neither Ci 
nor C2. Since the pair {X, '^D) is log canonical at Ox, both oi and 02 are at most 1^- Then a 
contradiction follows from Lemma 11.3.81 since 

{D - aid) ■Ci^D-d = ^<^ 

65 91 

for each i. □ 



3.7. Sporadic cases with 1 = 7 
Lemma 3.7.1. Let X be a quasismooth hypersurface of degree 76 in P(ll, 13, 21, 38). Then 

13 

10- 



lct(X) = 1§. 



Proof. We may assume that the surface X is defined by the equation + yz^ + xy^ + x^z = 0. 
The surface X is singular at Ox, Oy and O^. The curves Cx, Cy and Cz are irreducible. We 
have 

— = lct(X, —Cz) >-^ = lct(X, —Cx) > lct(X, —Cy) = —. 



10 ' ' 21 ' 42 V ' 11 V ' 13 iq 

13 
10- 



Therefore, lct(X) ^ i§ 

Suppose that lct(X) < Then there is an effective Q-divisor D —Kx such that the 
pair {X, jg-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of D contains none of the curves Cx, Cy and Cz- 

Since the curve Cy is singular at the point Oz, the inequality IID ■ Cy = ^ < ^ shows that 
the point P does not belong to the curve Cy. Also, the inequality 13D ■ Cx = ^ < ^ implies 
that the point P cannot belong to Cx either. The inequality D ■ Cz = < y§ shows that the 
point P cannot belong to Cz 

Consider the pencil C on X defined by the equations Xy^ + fix'^z = 0, [A : /i] € P"*^. There is 
a unique member Z in £. passing through the point P. Since P ^ Cx D Cy L) Cz, the curve Z is 
defined by an equation of the form x^z = ay^, where a is a non-zero constant. The open subset 
Z \ Cx of the curve Z is a Zn-quotient of the affine curve 



ay 



^ - + yz-^ + y^ + z = C ^ Spec(c[y, z, t 
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that is isomorphic to the plane affine curve C C defined by the equation 

+ a^y^^ + (1 + a)/ = C ^ Spec(c[y, , 



The curve C is irreducible if a 7^ —1 and reducible if a = 1. Since the Cx is not contained in the 
support of Z, the curve Z is irreducible if a 7^ —1 and reducible if a = 1. From the equation of 
C, we can see that the log pair {X, ^Z) is log canonical at the point P. By Lemma 11.3.61 we 
may assume that Supp(Z)) does not contain at least one irreducible component of the curve Z. 
Suppose that a ^ —1. Then Z % Supp(D) and 

^ = D.Z;,mnltp{D)>^. 

This is a contradiction. Thus, a = —1. Then it follows from the equation of C that the curve 
Z consists of two irreducible and reduced curves Zi and Z2 ■ Without loss of generality we may 
assume that the point P belongs to the curve Zi. 

Put D = mZ\ + O, where is an effective Q-divisor such that Z\ (f_ Supp(O). Since the pair 
(X, Y§-D) is log canonical at the point Ox-, one has m ^ j^. Then 

/ N 5 10 

[p -mZr) ■ Zx <D ■ Zx = — < —. 

since Z\ > 0. By Lemma ll.3.81 the log pair (X, jg-D) is log canonical at the point P . This is a 
contradiction. □ 

3.8. Sporadic cases with / = 8 

Lemma 3.8.1. Let X be a quasismooth hypersurface of degree 46 in P(7, 11, 13, 23). Then 
lct(X) = f . 

Proof. The surface X can be defined by the equation t'^ + y^z + xz^ + x^y = 0. The surface X 
is singular at the points Ox, Oy and Oz- The curves Cx, Cy and Cz are irreducible. We have 

35 , /^8^\ , 91 , 55 

— = let X, -Cx < let X, —Cz = — < let X, —Cy = — . 
48 \ 7 J V 13 V 80 V 11 V 48 

In particular, lct(X) ^ ||. Suppose that lct(X) < ||. Then there is an effective Q-divisor 
D ~Q —Kx such that the pair {X, is not log canonical at some point P. By Lemma ri.3.61 
we may assume that the support of the divisor D contains none of the curves Cx, Cy and Cz- 
Since the curve Cx is singular at the point Oz, the inequality 

13 35 

shows that the point P cannot belong to Cx- Also, the inequality 

7« C, = l?<'"* 



13 35 



implies that the point P is not in Cy- Since 
the point P cannot be in Cz either 



7-11 35 
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Consider the pencil C on X defined by the equations Ax^y + fxz^ = 0, [A : /i] € P^. There is 
a unique member Z in C passing through the point P. Since P ^ Cx U Cy U Cz, the curve Z is 
defined by an equation of the form x'^y = az^, where a is a non-zero constant. The open subset 
Z \ Cx of the curve Z is a Zy-quotient of the affine curve 

y - az^ = + y^z + z^ + y = C = Spec(^C [y, z, t 

that is isomorphic to the plane affine curve C C defined by the equation 

+ a^z^° + (1 + a)z^ = C = Spec(c [y, z 

The curve C is irreducible if q 7^ —1 and reducible if a = —1. Since the Cx is not contained 
in the support of Z, the curve Z is irreducible if a 7^ —1 and reducible if q = —1. From 
the equation of C, we can see that the log pair {X, ^^Z) is log canonical at the point P. By 
Lemma [1.3.61 we may assume that Supp(D) does not contain at least one irreducible component 
of the curve Z. 

Suppose that a 7^ —1. Then Z ^ Supp(D) and 

48 48 
- = D-Z^ninltp{D) > -. 

This is a contradiction. Thus, a = —1. Then it follows from the equation of C that the curve 
Z consists of two irreducible and reduced curves Zi and Z2. Without loss of generality we may 
assume that the point P belongs to the curve Zi. 

Put D = mZ\ + O, where is an effective Q-divisor such that Z\ (f_ Supp(r2). Since the pair 
(X, H-D) is log canonical at the point Ox-, one has m ^ ||. Then 

24 48 

{p -mZr) ■ Zx <D ■ Zx = — < —. 

since Zl > 0. By Lemma [L3S1 the log pair {X, H-D) is log canonical at the point P. This is a 
contradiction. □ 



Lemma 3.8.2. Let X be a quasismooth hypersurface of degree 81 in P(7, 18, 27, 37). Then 
lct(X) = f|. 

Proof. The surface X can be defined by the quasihomogeneous equation 

/ - y^z + xt'^ + x^y = 0. 

The surface X is singular at the points Ox, Oy, Ot and Q = [0 : 1 : 1 : 0]. 

The curve Cx consists of two irreducible and reduced curves Lxz and i?^ = {x = — = 0}. 
These two curves intersect each other only at the point Ot- Also, 



18-37' 9-37' ^ 37- 



The curve Cy is irreducible and 



- = let f X, ^-C^ < let ( X, ^Cy^ 

72 \ 7 V 18 ^ 
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Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~(q —Kx such that the 
pair (X, H-D) is not log canonical at some point P. By Lemma ll.3.6t we may assume that the 
support of the divisor D does not contain the curve Cy. Similarly, we may assume that either 
1 Supp(L») or <l Supp(Z)). 

Since either L^z % Supp(L') or % Supp(Z)), one of the inequalities 

4 72 8 72 

TwliotiD) ^ 37Z) • L^, = - < — , mvltoAD) ^37D-R^ = -< — 

9 00 9 35 

must hold, and hence the point P cannot be Of. Since multo^(-D) ^ 7D • Cj/ = || < ||) the 
point P cannot be the point Ox- 

Put D = niLxz + ^, where Q is an effective Q-divisor such that Lxz ^ Supp(r2). If m 7^ 0, 
then 

16 no r D 

= L) • Rrf ^ vnLixy • Rt = , 

18-37 37 ' 

and hence m ^ Since 

-o/r. r ^ . 8 + 47m 72 

18[D - mLxz) ■ = — ^ ^77 

37 35 

it follows from Lemma 11.3.81 that the point P cannot belong to Lxz- 

Now we write D = eZx + A, where A is an effective Q-divisor such that Zx ^ Supp(A). If 
e 7^ 0, then 

^^ = D-Lxz^eRx-Lxz = ^. 

and hence e ^ Since 

^ X 37 ^ 35 

it follows from Lemma 11.3.81 that the point P cannot belong to Rx- Consequently, the point 
P must be a smooth point in the outside of Cx- However, since F°(P,Op(189)) contains the 
monomials x'^^, 1? and z^, it follows from Lemma [1.3. 91 that P must be either a singular point 
of X or a point on Cx- This is a contradiction. □ 

3.9. Sporadic cases with 1 = 9 

Lemma 3.9.1. Let X be a quasismooth hypersurface of degree 64 in P(7, 15, 19, 32). Then 
lct(X) = If. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ y^z + xz^ + x'^y = 0. 

The surface X is singular only at the points Ox, Oy and Oz- The curves Cx and Cy are 
irreducible, and 

|=.ct(x,;c.)<iot(xic„)=|. 

In particular, lct(X) ^ ||. 

Suppose that lct(X) < ||. Then there is an effective Q-divisor D ~q —Kx such that the 
pair (X, H-D) is not log canonical at some point P- By Lemma ll.3.6[ we may assume that the 
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support of the divisor D contains neither the curve nor the curve Cy. Then two inequaUties 
19D • = I < II , 7D • C'y = yI < II show that the point P must be a smooth point in the 
outside of Cx- 

Note that H^{¥, Op (133)) contains the monomials x'^'^ , y^x^ and and hence it follows from 
Lemma 11.3.91 that the point P is either a singular point of X or a point on Cx- This is a 
contradiction. □ 



3.10. Sporadic cases with / = 10 

Lemma 3.10.1. Let X be a quasismooth hypersurface of degree 82 in P(7, 19, 25, 41). Then 
lct(X) = ^. 

Proof. The surface X can be defined by the quasihomogeneous equation 

+ y^z + xz^ + x'^y = 0. 

It is singular at the points Ox-, Oy and Oz- 

The curves Cx and Cy are irreducible. We have 



7 , / 10^ \ , / 10^ \ 19 
— = let X, —Cx < let X, —Cy = — , 
12 \ 7 J \ 19 12' 

and hence lct{X) ^ j^. 

Suppose that lct(X) < j^. Then there is an effective Q-divisor D ~(Q —Kx such that the pair 
{X, ToD) is not log canonical at some point P. By Lemma [1.3.61 we may assume that the support 



of the divisor D contains neither the curve Cx nor the curve Cy. Since 25D • = § < ^ and 
ID ■ Cy = ^ < the point P must be a smooth point in the outside of the curve Cx- Note 
that H^{V,Op{175)) contains the monomials x^^, x^y'^ and z'', and hence the point P cannot 
be a smooth point in the outside of Cx by Lemma 11.3.91 Consequently, lct(X) = D 

Lemma 3.10.2. Let X he a. quasismooth hypersurface of degree 117 in P(7, 26, 39, 55). Then 
lct(X) = ^. 

Proof. The surface X can be defined by the equation — y^z + xt'^ + x^^y = 0. It is singular 
at the points Ox, Oy, Ot and Q = [0 : 1 : 1 : 0]. 

The curve Cx consists of two irreducible curves Lxz and Rx = {x = z^ — y'^ = 0}. These two 
curves intersect each other only at the point Of. It is easy to check 

r2 J]_ j.2_ 32_ 3_ 

26-55' ^" 13-55' ^--^-"ss- 
On the other hand, the curve Cy is irreducible. We have 

7 , f ,r 10^ \ , f.. 10^ \ 13 
— = let X, —Cx < let X, —Cy = — . 
18 \ 7 J \ 26 6 

In particular, lct(X) ^ j^. 

Suppose that lct(X) < jg. Then there is an effective Q-divisor D —Kx such that the 
pair {X, jqD) is not log canonical at some point P. By Lemma ll.3.6| we may assume that the 
support of the divisor D does not contain the curve Cy. Similarly, we may assume that either 
Lxz <t Supp(Z)) or Rx (t Supp(i:'). 



EXCEPTIONAL DEL PEZZO HYPERSURFACES 



133 



Since 7D ■ Cy = ji < the point P cannot be the point Ox- Meanwhile, since the support 
of D does not contain at least one components of C^, one of the inequahties 

5 18 

rwMoAD) ^ 551) ■ Lxz = — < 

10 18 

multo.p) ^ 55Z)-i?, = — < y 

must hold, and hence the point P cannot be the point Ot- 

Put D = niLxz + ^, where Q is an effective Q-divisor such that Lxz ^ Supp(O). If m 7^ 0, 
then 

= T) ■ Rrf ^ TTlLxz ' Rt — , 

13-55 55 

, , 10 + 71m 18 
26[D - mLxzj ■ Lxz = < y , 

and hence Lemma 11.3.81 imphes that the point P cannot belong to Lxz- 

Now we write D = eRx + A, where A is an effective Q-divisor such that Rx (t Supp(A). If 
e 7^ 0, then 

D ■ Lxz ^ ^Rx ■ Lxz = TTzr, 



and hence m ^ Then 



and hence e ^ ^. Then 



26-55 55' 



, 10 + 32e 18 

13(D - eRx) ■ Rx = < y 



Thus, Lemma 11.3.41 shows that the point P is not on Rx- 

Therefore, the point P must be a smooth point in the outside of the curve Cx- Since 
i7°(P, Op(273)) contains the monomials x^^, y'^x^^ and z'', it follows from Lemma 11.3.91 that 
P is either a point on Cx or a singular point of X. This is a contradiction. □ 



Part 4. The Big Table 

The tables contains the following information on del Pezzo surfaces. 

• The first column: the weights (oq, ai, 02, 03) of the weighted projective space P. 

• The second column: the degree of the surface X C P. 

• The third column: the self-intersection number Kj^ of an anticanonical divisor of X. 

• The fourth column: the rank p of the Picard group of the surface X. 

• The fifth column: the global log canonical theeshold lct(X) of X. 

• The sixth column: the possible monomials in x, y, z, t in the defining equation 
/(x, y, z, t) = of the surface X. 

• The seventh column: the information on the singular points of X. We use the standard 
notation for cyclic quotient singularities along with the following convention: when we 
write, for instance, OxOy = n x ^(a, 6), we mean that there are n cyclic quotient sin- 
gularities of type ^{a,b) cut out on X by the equations z = t = that are different 
from the point Ox in the case when Ox ^ X and Ox is not of type ^(a, b), and that are 
different from the point Oy in the case when Oy £ X and Oy is not of type ^(a, b). 



Log del Pezzo surfaces with 1 = 1 



Weights 



(2,2n+ l,2n + l,4n+ 1) 



(1,2,3,5) 



(1,3,5,7) 



(1,3,5,8) 



Degree 



8n + 4 



10 



15 



16 



(2n+l)(4n+l) 



_2_ 
15 



P 



10 



let 



10 



15 



Monomials 



3 ^ 2 — 2 — 

y , y^, y z-", 



X- 



2n4 



2,2n+ly^^ 
2,2n+1^2 ^4n+2 



xz^, xy^t, xy^z, 
x^zt, x'^yz'^, 



x'^yt, 



S 2 4 2 

x^y z, X z , 
^4y3^ x^t, x^yz, 
x^y^, x'^z, x^y, 

^0 



z^, yzi, y^, xt^, 

S 2 2 

xy z, X yz , 
x^y'^t, x^zt, 

4 4 2 

X y , x y z, 
x^z^, x^yt, x^y^, 
X yz, X t, X y , 
x^'^z, x^ ^y, x^ ^ 



F^yzt^y^z^ 

xz'^, xy"^, X y t, 
x'^y'^z, x'^zt, 

S 2 4 4 

X yz , X y , 
X yt, X y z, 
X z , X y , X i, 

Q 10 9 

X yz, X y , 



Singular Points 



Ot 

OyO, 



1 



4n+l 



(1,1) 



4x 2;5Tt(1'") 



o. = i(i,i) 



0, = i(l,l) 

o. = ^(i,i) 



o 

CO 



a 

o 
o 

CO 



CO 



a: if Cx has an ordinary double point, b: if C^; has a non-ordinary double point, 

c: if the defining equation of X contains yzt, d: if the defining equation of X does not contain yzt. 



Log del Pczzo surfaces with 1 = 1 



Weights 


Degree 


K'i 

X 


p 


let 


Monomials 


Singular Points 


(2,3,5,9) 


18 


1 

15 


7 


2a 
lib 

6 


t\ yz-", yH, 
xy^z^ , x'^zt, 

x'^y^z, x'^yt, 

3 4 4 2 5 

X y , X z , X yz, 

6 2 Q 
X JJ , X 


0. = 1(1,2) 

<--'2/<^t — Z X 3 ij 


(3,3,5,5) 


15 


1 

15 


5 


2 


t J J z ij z ^ 

5 4 2 3 

x^y'^, x^y, x^ 


0^0j, = 5x i(l,l) 
0,Ot = 3 X i(l,l) 


(3,5,7,11) 


25 


5 
231 


5 


21 
10 


zH, ^/^ xf, 

3 2 2 

xy^z, x yz , 
x'^yt, x^y'^, x^z 


o. = i(i,i) 

0. = 7(3,5) 

0*= 1^(5,7) 


(3,5,7, 14) 


28 


2 
105 


6 


9 
4 


t^, z'^t, z^, xy^, 
x'^y^z, x^yt, 

2 2 7 

X yz , X y , X z 


Ox = 1(1,1) 
0. = i(l,2) 
0,Ot = 2x i(3,5) 


(3,5,11,18) 


36 


2 
165 


6 


21 
10 


t'^, y^z, xz'^, 
xy^t, x^y^, 

2 2 

X yz , X y z, 

™D4- ™7-..3 ™12 

x r, a; y , a; 


o. = i(i,i) 

0. = ^(5,7) 
O^Ot = 2x i(l,l) 


(5, 14,17,21) 


56 


4 

1785 


4 


25 
8 


X 1 


Ox = i(2,l) 
0.= ij(7,2) 

O^Ot = lxi(5,3) 


(f, 1Q 27 311 


81 

O J- 


3 

2945 


(J 


25 
6 


z^, yt^, xy^, x'^yz, 
x^H 


0. = 1(2,1) 
0*= •Tt(5,27) 


(5, 19, 27, 50) 


100 


2 

2565 


4 


25 
6 


r , yz^^ x?/^, x'y z, 

X^% x20 


Oy = B(2,3) 
0, = ^(5,23) 
0,0t = 2 X i(2,l) 


(7,11,27,37) 


81 


3 

2849 


3 


49 
12 


2;^, y^t, xt^, x^y^z, 
x^^y 


0. = t(3,1) 
Oj/ = Tr(7,5) 
Ot = 3^(11,27) 



a: if Cy has a tacnodal point, b: if Cy has no tacnodal points. 



Log del Pezzo surfaces with 1 = 1 









P 


ict 


Monomials 


Olll^Llldji JTUlliLo 


(7,11,27,44) 


88 


2 

2079 


4 


35 
8 


t^, yh, y^, xz^, 


Ox = i(3,l) 
0, = 4(11,17) 
O^O, = 2 X 4(7,5) 


(9, 15, 17, 20) 


60 


1 
765 


3 


21 

4 


t^, y^, xz^, x^y 


a = 4(5,1) 

O^Oy = 1 X i(l,l) 

OyOt = 1 X i(2,l) 


(9, 15, 23, 23) 


69 


1 

1035 


5 


6 


t^, zt^, z^t, r\ xy^, 
x^y 


O^Oy=l X i(l,l) 


(11,29,39,49) 


127 


127 
609609 


3 


33 
4 


z'^t, yt^, xy'^, x^z 


0^ = ^(7,5) 

0, = 4(1'2) 
= 4(11,29) 

— ^ (^^ "^q^ 

— 49 IJ-J-; -jyj 


(11,49,69,128) 


256 


2 

37191 


2 


55 
6 


t^, yz^, xy^, x^'^z 


0.= 1^(5,7) 

0. = ^(2,3) 
O — -L(^^ f;q^ 


(13,23,35,57) 


127 


127 
596505 


3 


65 
8 


zH, y^z, xt^, x^y 


0^ = 4(9,5) 
0, = 4(13,11) 
0, = 4(13,23) 
Ot = ^(23,35) 


(13,35,81,128) 


256 


2 

36855 


2 


91 
10 


i9 5 3 17 

t , y z, xz , X y 


0,= 1^(3,11) 
0, = 4(13,23) 
0, = 4(35,47) 



Log del Pezzo surfaces with 1 = 2 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(3, 3n, 3n + l,3n + 1) 


9n + 3 


4 

3n(3n+l) 


7 


1 


t^, zt^, zh, z^, xy^, 

^3n+l 


O^Oy = 3x^(1,1) 
y^z'^t u /\ 3n+l V ' / 


(3,3n + l,3n + 2,3ra + 2) 


9n + 6 


4 

(3n+l)(3n+2) 


5 


1 


t^, zt^, z'^t, z'^, xa/, 

x'^^^yt, x"~^^yz, 
^3n+2 


3^(1,1) 

OzOt = 
= 3 X 3;^(3,3n + l) 


(3,3n + l,3n + 2,6ra + l) 


12n + 5 


4(12n+5) 
3(3n+l)(3n+2)(6n+l) 


5 


1 


t'^x, x^yz'^, x^^^yt, 

3.2n+l 2 


Ox = 1(1,1) 

= 3nVi(3>3n) 
0- = ra(3,3n + l) 

= 67^(3n + l,3n + 2) 


(3,3n + l,6n+ l,9n) 


18n + 3 


4 

9n(3n+l) 


5 


1 


z^, y^t, xt^ x'"-yz'^, 
x^'^y^z, x^'^y^, 


0. = 3^(l,n) 

Ot = ^{3n + l,6n+l) 

O^Ot = 2x1(1,1) 


(3,3n + l,6n + l,9ri + 3) 


18n + 6 


8 

3(3n+l)(6n+l) 


6 


1 


t\ y'H, y^ a;z^ 

^n+ly_2,2^ ^2n+ly2^^ 
^6n+2 


0- = 6;^(3" + l,3n + 2) 
O^Ot = 2 X i(Ll) 
OyOt = 2x-Lj(l,n) 


(4,2n + l,4n + 2,6ra-|-l) 


12n + 6 


3 

(2n+l)(6n+l) 


6 


1 


S 2 2 4 fi 

z , y z% y^z, y", 
xt^, x"+-^yt, x^""*"-'-2;, 

^2n+ly2 


Ox = 1(1,1) 

Ot = ^{2n + l,An + 2) 
0,,0^ = 1x1(1,1) 
02/Oz = 3x 2^(l,n) 


(4, 2n + 3, 2n + 3, 4n + 4) 


8n + 12 


1 

(n+l)(2n+3) 


7 


1 


A 9 9 ^ 
~4 „j.2 ™n+2j. 
^2n+3 


Ot = 4^(2,2) 
O^Ot = 2x1(1,1) 

OyO,= 

= 4x J+3(4,2n + l) 



Log del Pezzo surfaces with 1 = 2 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(2,3,4,5) 


12 


2 

5 


5 


7 b 
12 


z-^, yzt, y"^, xi\ 

2 2 2 2 J. 

xy z, X z , X yt, 

3 2 4 fi 

x'^y , X z, X 


0,0, = 3 X 1(1,1) 


(2,3.4,7) 


14 


1 
.3 


6 


1 


t^, yzt, y'^z'^, xz^, 
,xy . X yt. T y z, 

3 9 ! ' T ^1 7 
1' — T lj~ T Z 1 


0, = i(l,l) 


(3,4,5,10) 


20 


2 

15 


5 


3 
2 


t^, z^t, z^, y^, xy^z, 
x^yt, x^yz'^, x^y^, 

5 

X Z 


Ox- = ^(1,1) 
0,,Ot = 1x1(1,1) 

D Dj^ — 9 ^ ^ ( A\ 
'-^z^t — ^ X -^[6, ^) 


(3,4, 10,15) 


30 


1 

15 


7 


3 
2 


t^, z^, y^z, xyh, 

2 2 2 fi 4 2 

X yz , X y , X y z, 
xH, x^y^, x^^ 


o, = i(i,i) 

0^0, = 1x1(1,1) 
0,0t = 2 X 1(1,1) 


(5,13,19,22) 


57 


6 
715 


3 


25 
12 


t^y, z^, xy^, x^yz, 
x'^t 


Ox = i(3,4) 
0, = ^(2,3) 
Oj. — — ^5 ^Q) 


(5, 13, 19,35) 


70 


8 

1235 


3 


25 
12 


,9 3 5 5 2 

t , yz , xy , X y z, 
xH, x^^ 


0, = A(2,3) 
0. = ^(5,16) 
O^Ot = 2 X 1(3,4) 


(6,9,10,13) 


36 


4 
195 


4 


25 
12 


t^z, y^, xz^, x^y^, 


0. = 1^(3,1) 
0* = 1^(2,3) 
0,Oj, = 2x 1(1,1) 
0,0, = 1 X 1(1,1) 



a: if the defining equation of X contains yzt, b: if the defining equation of X contains no 



Log del Pezzo surfaces with 1 = 2 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(7,8,19,25) 


57 


57 
6650 


3 


49 
24 




0. = 7(5,4) 

0, = 1(7,3) 

— ^ f8 1 Q^l 
'^t ~ 9^1°' 


(7,8, 19,32) 


64 


1 

133 


4 


35 
16 


x^y^z, x^y 


Ox = i(5,4) 
0. = j^(8,13) 
0,0* = 2x i(7,3) 


(9, 12, 13, 16) 


48 


1 

117 


3 


63 
24 


t^, y'^, xz""', x'^y 


f) — i(A 7) 

— ^y*-, 1 ) 

0.= 1^(4,1) 

O^Oy = 1 X i(l,l) 

0,Oi = lx 1(1,1) 


(9, 12, 19, 19) 


57 


1 
171 


5 


3 


t^, t^z, tz^, z^, xy^, 
x^y 


= 1^(1,1) 
0,0, = 1x1(1,1) 
0,0t = 3x ^(3,4) 


(9, 19,24,31) 


81 


3 

1178 


3 


3 


t^y, y^z, xz^, x^ 


O — —C^ A\ 
0. = ^(19,7) 
Ot = ^(3,8) 
Oa.O^ = 1 X 1(1,1) 


(10,19,35,43) 


105 


6 

4085 


3 


57 
14 


t^y, z^, xy^, x'^z 


O - — f3 1) 

^x — 10 V ' / 

0, = ^(16,5) 

Ot = W^,7) 
0^0, = 1 X 1(4,3) 


(11,21,28,47) 


105 


5 

3619 


3 


77 

30 


y^, yz^, xt^, x'^z 


0, = j^(10,3) 
0, = ^(11,19) 
Ot = ^(3,4) 
0^0, = 1x1(4,5) 



Log del Pczzo surfaces with 1 = 2 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(11,25,32,41) 


107 


107 
90200 


3 


11 
3 


t^y, y^z, xz^, x^t 


O — — ('S in"! 

^ ~ 11 V ' / 

0, = ^(11,16) 
0^ = 3^(25,9) 

— 4TV-'--'-' '^'^J 


(11,25,34,43) 


111 


222 
201025 


3 


33 
8 


t^y, z'^t, xy'^, x'^z 


0^ = ^(3,10) 
0, = ^(1,2) 
0, = ^(11,25) 


(11,43,61,113) 


226 


8 

28853 


2 


55 
12 


t^, yz^, xy^, x^^z 


O, = 1^(10,3) 
0, = ^(2,3) 
0, = j^(ll,52) 


(13,18,45,61) 


135 


2 

2379 


3 


91 
30 


z"^, y^z, xt^, x^y 


O — — ('2 S") 

X — 13 V ' ) 

Oy= ^(13,7) 

Oj,0, = Ix i(4, 7) 


(13,20,29,47) 


107 


107 
88595 


3 


65 
18 


y^t, yz^, xt^, x^z 


O — —(7 81 

X — 13 \ ' 

0, = ^(13,9) 
0. = ^(13,18) 

D, — ^ (9C\ 9Q\ 
— 47 l^u, zyj 


(13,20,31,49) 


111 


111 
98735 


3 


65 
16 


z^t, y^z, xt^, x'^y 


0. = 1^(1,2) 

0,= 2^(13,9) 

O, = ^(13,20) 

Oi — -^OO '^1 
— 4q v^u, oi; 


(13,31,71,113) 


226 


8 

28613 


2 


91 
20 


t'^, y^z, xz^, x^^y 


Ox = 1^(6,9) 
0, = Jj(13,20) 

0, = ^(31,42) 


(14,17, 29,41) 


99 


198 
141491 


3 


51 
10 


t^y, zH, xy^, x^z 


0,= 1^(3,13) 
Oy = Tr(12,7) 
0, = ^(14,17) 
Ot = ^(14,29) 



Log del Pezzo surfaces with 1 = 3 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(5,7,11,13) 


33 


27 
455 


3 


49 
36 


t^y, z^, xy^, x^yz, 
xH 


Oa: = i(2,l) 

0^ = i(2,3) 

Ot — —Cs ^^) 

— IS l^' '-^i 


(5,7,11,20) 


40 


18 
385 


4 


25 
18 


1 , yz , xy , X y z, 
xH, x^ 


0, = i(2,3) 

o. = Tr(i,4) 


(11,21,29,37) 


95 


285 
82621 


3 


11 
4 


t^y, z'^t, xy^, x^z 


Co. = ^(5,2) 

0, = ^(11,21) 
(1. — -L(^^ oq^i 

* ~ 37 V ' / 


(11,37, 53,98) 


196 


18 
21571 


2 


55 
18 


t^, yz^, xy^, x^^z 


Co. = 1^(2,5) 
0, = ^(2,3) 
O — —Hi 45^1 


(13,17, 27,41) 


95 


95 
27183 


3 


65 
24 


z^t, y'^z, xt^, x^y 


Ox = 1^(1,2) 
0, = ^(13,7) 
O — — fl3 17) 

— 27 V-'-"-'; ' / 

0^ = ^.(17,27) 


(13,27,61,98) 


196 


2 

2379 


2 


91 
30 


t^, y^z, xz^, x^^y 


0. = j^(9,7) 
0, = ^(13,17) 
0, = J^(27,37) 


(15,19,43,74) 


148 


6 

4085 


2 


57 
14 


t^, yz^, xy'^, x'^z 


Ox = ^(2,7) 
0^= j^(5,17) 
O, = i^(15,31) 



Log del Pczzo surfaces with / = 4 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(6, 6n + 3, 6n + 5, 6n + 5) 


1 Q«-. 1 1 
Ion + io 


8 

(6n+3)(6n+5) 





1 




o. = i(i,i) 

0. = 6n+3(l'l) 
Oa;Oy = 1 X ^(1,1) 

O.Ot = 

= 3x^(2,2n+l) 


(f{ fin J- 1 O-n J- 8 1 fin J- Q^ 


^fin -L 94 
OD/6 


8 

3(6n+3)(6n+5) 


Q 
O 


1 
1 


z^, yH, xt^, 

rj.2n+ly2^ ^6n+4 


0. = 6^(2,2n + l) 
= 

= 1 f6n + 5 12n + 8) 
18n+9V" -L-^'^T^"/ 

0,0, = 1 X i(l,l) 
0,0t = 1 X ^(1,1) 


(6, 6n + 5, 12n + 8, 18ra + 15) 


36n + 30 


4 

3(3n+2)(6n+5) 


4 


1 


t^, yh, XZ^, 
r^2n+2y2^ ^6n+5 


C. = T2^(6n+5,6n+7) 
rt n is/in 1^ 

^x^z — i X 2ii, -Lj 

0,Ot = lx^(l,l) 

OyOt = 

= 2x^(2,2n + l) 


(5,6,8,9) 


24 


8 

45 


3 


1 


xH 


r) — in Q^ 

Ot = 5(5,8) 

OyO, = 1 X i(l,l) 

OyOt = 1 X i(l,l) 


(5,6,8,15) 


30 


2 

15 


4 


1 


t^, y^, yz^, 

x'^y'^z, x^t, x^ 


- -f5 7) 

0,0t = 2 X 1(1,3) 

OyOt = 1 X i(l,l) 
OyO, = 1 X i(l,l) 


(9,11,12,17) 


45 


20 
561 


3 


77 
60 


t y, y z, xz , X 


Os/= it(3,2) 

o. = n(ii,5) 

0^ = ^(3,4) 
0,.0^ = lxi(l,l) 



Log del Pczzo surfaces with / = 4 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(10,13,25,31) 


75 


24 
2015 


3 


91 
60 


r y, z , xy , x z 


0, = ^(12,5) 
Ot = ^(2,5) 
O^O, = 1 X i(3,l) 


(11,17, 20,27) 


71 


284 
25245 


3 


11 
6 


t^y, y^z, xz^, xH 


O — —il '\\ 
— w y^i -J) 

Oj, = ^(ll,10) 
0. = ^(17,7) 

^< — 27 l-L-L, ^UJ 


(11,17,24,31) 


79 


158 
17391 


3 


33 
16 


t^y, tz^, xy^, x^z 


= 1^(2,3) 
0, = 3^(1,2) 
0, = ^(11,17) 


(11,31,45,83) 


166 


32 
15345 


2 


55 
24 


t^, yz^, xy^, x^^z 


Oa== 1^(3,2) 

0, = Jj(2,3) 
O, = ^(11,38) 


(13,14,19,29) 


71 


568 
50141 


3 


65 
36 


ty^ , yz^, xt^, x'^z 


O - —{\ 3") 

0, = i(13,5) 
= 3^(13,10) 


(13,14,23,33) 


79 


632 
69069 


3 


65 
32 


tz'^, y'^z, xt'^, x^y 


0. = 1^(1,2) 
0, = 3^(13,5) 

0, = ^(13,14) 
Ot = ^(14,23) 


(13,23,51,83) 


166 


32 
15249 


2 


91 
40 


t^, y^z, xz^, x^^y 


0. = 1^(7,6) 
0, = ^(13,14) 
0^ = ^(23,32) 



Log del Pczzo surfaces with 1 = 5 









P 


let 


Monomials 


^ 1 n m 1 1 o T 1— 'i^i nTc 
Olli^Uidl ± Ullilo 


(11,13,19,25) 


63 


63 
2717 


3 


13 

8 


t y, tz , xy , X z 


0. = 1^(2,3) 
0. = 1^(1,2) 

Ot = J^(ll,19) 


(11,25,37, 68) 


136 


2 
407 


2 


11 

6 


t^, yz^, xy^, x^z 


Oa.= 1^(3,2) 

0. = ^(2,3) 
0, = ^(11,31) 


(13,19,41,68) 


136 


50 
10127 


2 


91 
50 


t^, y^z, xz^, x^y 


0. = 1^(2,3) 
0^ = 3^(13,11) 
0, = ^(19,27) 



Log del Pezzo surfaces with 1 = 6 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(8, 4ra + 5, 4n + 7, 4n + 9) 


12n + 23 




3 


1 


z t, yt , xy , 


Ox = |(4n + 5,4n + 9) 
Ov = r^(l,2) 

y 4n+5 N ' / 


2(4n+5) (4n+7) (4n+9) 




0. = 4;^(8,4n + 5) 


(9,3n + 8,3n+ ll,6n + 13) 


12n + 35 


4(12n+35) 


3 


1 


z^t, y-'z, xt^, 


0^ = i(3n + ll,6n + 13) 

~ 3n+8V^'"^ + ^"^1 

0. = 37rTTT(9,3n + 8) 
Ot = 

— 1 ('3n+8 3n+ll) 
6n+i3*> ^ ' ^"-T^-^-^; 


(3n+8)(3n+ll)(6n+13) 


2,n+3^ 














(7,10,15,19) 


45 


54 
665 


3 


35 
54 


z^, y^z, xt^, 

J/ y 


Ox = i(l,5) 
0, = ^(7,9) 

* 19 / 

0^,0, = lxi(l, 2) 


(11,19,29,53) 


106 


72 
6061 


2 


55 
36 


t"^, yz^, xy^ 

7 

X z 


Ox= j^(8,9) 
0, = 1^(2,3) 
0, = ^(11,24) 


(13,15,31,53) 


106 


24 
2015 


2 


91 
60 


t^, y^z, xz^, 


0. = ^(5,1) 
0, = ^(13,8) 
= ^(15,22) 



Log del Pezzo surfaces with 1 = 7 



Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(11,13,21,38) 


76 


14 
429 


2 


13 
10 


t^, yz"^, xy^, x^z 


1^(2,5) 
0, = 3^(2,3) 
0, = ^(11,17) 


Log del Pezzo surfaces with 1 = 8 


Weights 


Degree 




P 


let 


Monomials 


Singular Points 


(7,11,13,23) 


46 


128 
1001 


2 


35 
48 


i^, y^z, xz^, x^y 


Oa. = ^(3,l) 

Oy = U7,l) 

0,= 1^^(11,10) 


(7, 18, 27, 37) 


81 


32 
777 


3 


35 
72 


y^z, z^, xt^, x^y 


Oa= = i(3,l) 

Ot = ^(2,3) 
0^,0, = 1x^(7,1) 


Log del Pezzo surfaces with 7 = 9 


Weights 


Degree 


^x 


P 


let 


Monomials 


Singular Points 


(7,15,19,32) 


64 


54 
665 


2 


35 
54 


t^, y^z, xz^, x'^y 


0. = y(5,4) 
0. = n(7,2) 
0, = ^(15,13) 


Log del Pezzo surfaces with 7 = 10 


Weights 


Degree 


^X 


P 


let 


Monomials 


Singular Points 


(7,19,25,41) 


82 


8 
133 


2 


7 

12 


i^, y^z, xz^, x^y 


Ox = ^(2,3) 

0, = 3^(7,3) 
= ^(19,16) 


(7, 26,39,55) 


117 


30 
1001 


3 


7 

18 


y^z, z^, xt^, x^^y 


= i(2,3) 

~ 26 C^' ^) 

Ot = ^(26,39) 

O^O, = 1x^(7,3) 
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